QUANTUM DEGENERATE GASES NEAR A FESHBACH
RESONANCE

A Dissertation
Presented to the Faculty of the Graduate School
of Cornell University
in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy

by
Sourish Basu

August 2009



© 2009 Sourish Basu

ALL RIGHTS RESERVED



QUANTUM DEGENERATE GASES NEAR A FESHBACH RESONANCE
Sourish Basu, Ph.D.
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This doctoral dissertation is concerned with the physics of strongly interacting cold al-
kali atoms at low temperatures near a Feshbach resonance. In Chapter 1, we establish a
connection between superfluid “He and the BCS theory of superconductivity, and cold
alkali atoms. We give the history of cold atoms, describing the significant achievements,
pitfalls and challenges.

In Chapter 2, we explore the thermodynamics of strongly interacting Bosonic atoms.
We explore the stability of atomic Bosonic condensates near a Feshbach resonance. We
show that the experimentally attained atomic condensate is a saddle point of the free en-
ergy, but the kinetics of its decay is slow. We also show that there is a second, higher den-
sity condensate branch which has an Ising-like phase transition to a molecular (paired)
condensate when ramped across the Feshbach resonance. We argue that due to the high
density, inelastic 3-body processes possibly render this transition unobservable.

In Chapter 3, we explore the thermodynamics of Fermionic atoms near a Feshbach
resonance. We determine the zero-temperature (T <« Tg) pair propagator for a spin-
imbalanced mixture of up and down spin Fermions, and use it to show that such a mixture
becomes completely polarized at u, = —0.9p;. We also determine the Thouless criterion
for superfluidity in a spin-imbalanced Fermi mixture, and construct a phase diagram of
such a system at zero temperature. We then compare our results with experiments per-
formed by two different groups. We find that interaction modifications to the minority
spin self-energy inferred from our analysis is roughly double those observed in experi-

ments. This discrepancy is consistent with the expected accuracy of the theory.



In Chapter 4, we extend our analysis of the preceding chapter to calculate the surface
tension of an interface between spin-polarized Fermions in the normal and superfluid
phases. We show that, as expected, this surface tension decreases with increasing tem-
perature and vanishes at a tricritical temperature, above which the transition becomes
continuous. We also calculate the thickness of the interface; at T = 0, this is a few in-
terparticle spacings, but diverges at the tricritical temperature. To compare with a set
of relevant experiments, we also develop a phenomenological model for surface tension,
and conclude that experimental surface tensions are an order of magnitude higher than
what our microscopic calculation yields. We hypothesize possible mechanisms.

In Chapter 5, we calculate the finite temperature phase diagram of a Bose-Fermi
mixture produced from a spin-imbalanced two-component Fermi gas deep in the BEC
phase. We show that there is a discontinuous transition between the superfluid and nor-
mal phase, with an entropy of mixing sufficient to cool the system down. We detail the
construction of such a cooling scheme to cool a Fermi system below what is possible
evaporatively, and find that the cooling efficiency is comparable to typical evaporative
schemes.

In Chapter 6, we shift our focus from thermodynamics to dynamics. We calculate
shifts in the energy spectrum of a spin-balanced Fermionic superfluid of Cooper pairs
due to the presence of energetically close states coupled by a Feshbach resonance. These
shifts manifest themselves as clock-shifts in the radio-frequency spectrum of the super-
fluid. In addition to a broad asymmetric peak coming from the break-up of Cooper pairs,
we find (for certain parameter ranges) a sharp, symmetric “bound-bound” spectral line
coming from the conversion of Cooper pairs in one channel to pairs or molecules in an-
other channel. Our theory shows remarkable quantitative agreement with experiments

performed by an experimental group.
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CHAPTER1
INTRODUCTION

It’s not everyday that you see a new state of matter. While we can be reasonably certain
that people were aware of the three classical states of matter — solid, liquid and gas -
several thousand years ago, it wasn't until 1879 that the fourth phase - plasma - was
identified by William Crookes in his now-famous vacuum tube. Why did plasma have
to wait so long to be discovered, despite being the most common phase of matter in the
universe [4]? Quite simply, the earth is just too cold, and Thales could never produce a
strong enough electric field with his fur and amber to produce plasma’ So man had to
wait many centuries before he had the technology to generate thousands of volts in the

laboratory and see a plasma.

If the earth is too cold to see swirling tongues of plasma all around us? could it also be
too warm to see a few other phases of matter? Yes, said London and Tisza in 1937 [5], in
tying the strange properties of superfluid “He to Bose and Einstein’s statistics for integral-
spin particles [6]. Liquid “He, cooled below 2.17 K, transforms into a new (fifth?) phase
of matter - a so-called Bose condensate — with unusual properties such as zero viscosity,

infinite thermal conductivity, and propagating temperature waves’

"There was plasma on earth, of course, and quite visible, too; but the mysteries of lightning and St.
Elmoss fire could only be deciphered after Crooke’s experiment.

*The temperature at which hydrogen is completely ionized into plasma, for example, is about
200,000 K, unheard of on earth, but completely commonplace in the solar corona.

*In this context, 'm reminded of one of Wolfgang Ketterle’s stories on how he explains his work to
kindergarten kids.

“Suppose you were all living on the sun. Since everything on the sun is gaseous,” he explains (omitting
the plasma for the kids’ benefit), “you, your friends and your family would all be made of gas. In fact,
you wouldn’t even know that solids or liquids even existed! Now say one of you got real smart, and built
a refrigerator. You took some of the gas around you and stuck it into the fridge. If your fridge was good,
some time later youd open the fridge and find - lo and behold - a liquid! Now, if you'd built a really good
fridge, after some more time, youd see a solid! So just by building a good fridge, you'd discover matter in
new forms that you had never seen before because you lived in a warm place. I do something very similar;
I build really good fridges, stick some things in, and watch them change into newer forms of matter which
we can't see around us simply because the earth is too warm!”

“Inevitably,” he says, “one of them asks, ‘If you live on the sun, don’t you have to wear a lot of sunscreen?””



While liquid *He provided the earliest example of a Bose condensate, it was quite far
from an ideal Bose gas. Interactions between “He atoms were quite strong (it was, after all,
a liquid), to the point where many physicists — including such giants as Lev Landau and
George Uhlenbeck — were not convinced that the phenomenon observed in *He was really
Bose condensation [7]. Contrary to what happens in a noninteracting Bose gas, a finite
fraction of atoms were non-condensed even at T = 0, an interaction effect we today call
“condensate depletion.” Most importantly, the superfluid density from Landau’s two-fluid
model of “He is not equal to the condensate density, which itself is only about 10% of the
Boson density [8]. For all these reasons, even as early as the 1950s, there was considerable

interest in producing an “ideal” Bose gas at low temperatures.

To bridge the gap between BEC in an ideal Bose gas and superfluidity in *He, Bo-
goliubov attacked the problem of excitations in an interacting Bose condensate [9]. He
showed that BEC was not significantly altered by weak interactions in a dilute Bose gas,
and derived the long-wavelength phonon spectrum that was assumed by Landau to ex-
plain dissipationless flow within his two-fluid model [10]. When Bardeen, Cooper and
Schrieffer used Bogoliubov’s formulation to explain dissipationless flow of electric cur-
rent in conventional superconductors as well [11], scientists realized that superconduc-
tivity in metals was somehow the result of a Bose condensation [12]. Over the next 25
years, it became clear that the BCS theory of superconductivity really involved a “BEC
of Cooper pairs” [13]; two (Fermionic) electrons formed a (Bosonic) Cooper pair, which
made up a dilute non-overlapping Bose gas. A Bose condensation of this gas below its
critical temperature resulted in the superflow of (charged) Cooper pairs, and hence in

resistance-less conduction [14].

Since physicists were already thinking of ways to produce an ideal Bose gas, it was

natural to ask whether an “ideal” composite Bose gas made up of Fermions could be pro-



duced as well. Such an idea was alluring for quite a few reasons. First, while Cooper
pairing between two Fermions did not require them to be charged; the only Cooper pair-
ing known for a long time was between two electrons. Thus, there was some interest
in producing Cooper pairs out of neutral Fermions, to study them without the added
complication of charge? Secondly, scientists realized in 1965 that while the original BCS
theory only considered pairs with zero total momentum because of phase space argu-
ments, in theory pairs with a finite total momentum were also possible [17, 18]. Such
pairs could be formed as a consequence of mismatched Fermi surfaces between up and
down spins, i.e., different densities of the two spins. In conventional superconductors, the
Meissner effect forbids such a mismatch in superconductors - yet another consequence
of electronic charge. Once scientists had succeeded in producing a Bose gas of compos-
ite neutral fermions, it was natural to try to explore the physics posited by [17] and [18]
by creating a Cooper paired Bose gas out of mismatched fermions. Thirdly, and perhaps
most importantly, both for interacting Bosons as well as interacting Fermions, the in-
teraction strengths were not tunable. Interaction effects for liquid *He were fixed by its
atomic parameters, and the “pairing potential” between electrons could only be varied

over small ranges by changing, for example, dopant concentration.

With the successful production of a BEC from an “ideal” Bose gas in 1995 [19-21], and
later, the Bose condensation of Fermion pairs with tunable interaction strength [22, 23],
cold atomic vapors have opened up new possibilities along each of those lines. Morevoer,
they have presented us with an extremely malleable experimental system that can mimic a
wide variety of interacting Hamiltonians, providing parallels to many traditional condensed-

matter systems [24].

“In fact, electrons being charged made it harder for them to pair up, requiring lattice-mediated attrac-
tion that only won over Coulombic repulsion at low temperatures.

*This was realized in 1972 with the discovery of superfluid *He [15, 16], although the pairing (p-wave)
had a different symmetry than electron-electron (s-wave) pairing in a conventional superconductor.



This thesis is a rather sparse sampling of everything that is interesting about cold
atomic vapors. In chapters 2 to 5, we'll mostly be concerned with the thermodynamic
properties of cold atoms; bosons near a Feshbach resonance will be covered in chapter 2,
while fermions near a Feshbach resonance will be discussed in chapters 3 and 4. The
thermodynamics of Bose-Fermi mixtures will be the subject of chapter 5. Chapter 6, the
last chapter, will calculate a dynamic property of fermions near a Feshbach resonance,

namely their radio-frequency spectrum.

What will not be covered in this thesis is at least as interesting as what will be, and it
would be unfair not to tell the reader what they would be missing out on, and why this
field has generated so much interest over the past decade and half. While a practitioner
of cold atomic physics should be able to jump to the next chapter without any difficulty,
an interested outsider might find the story of ultracold atoms fascinating. The rest of this
chapter tries to summarize the history and excitement of this “revolution that has not

stopped” [25].

A good part of that revolution has been made possible by advances in techniques for
trapping and cooling atoms. This thesis is not about those techniques, and there are many
excellent texts such as [26] on the subject. However, for the sake of completeness, we've

briefly summarized a few common cooling and trapping techniques in appendix D.

1.1 The story of ultracold atoms

Our story has its beginning in the 1980s, with most of the chapters being added over the
last fourteen years. A familiarity with this story is not necessary for following the rest of
the thesis, but may embed the remaining chapters in their proper contexts. With the aid

of copious footnotes, we'll try to indicate the relevance of those chapters at appropriate



points during the narrative.

1.1.1 Bose condensates

Bose condensation is a consequence of Bose-Einstein statistics. At a temperature T, the

total number of (ideal) Bosons in a uniform system of volume V is

1
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where g(€) oc €!/2 is the density of states per unit volume at energy € in three dimensions.
The integral above is finite for g < 0, and increases as u — 0~. So it seems that the density
of bosons in three dimensions is limited by the value of the above integral for i = 0. Bose
condensation offers a way out of such an unphysical quandry; the above integral gives

the density of uncondensed Bosons, while the € = 0 (or k = 0) state is occupied by a finite

density of particles ny. Mathematically, after p hits zero,
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where Tgpc = (2nh?/mkg)[n/{(3/2)]**. In words, as T drops below Tggc the lowest
energy state is occupied by a macroscopic number of particles® In terms of the phase space
density nA3, where Ay = (2rnh%/mkgT)V/? is the thermal de Broglie wavelength, Bose-

Einstein condensation happens when n\} becomes of order unity” (n\}, = {(3/2), to

“It’s interesting to note that while interactions in *He deplete the condensate fraction to 10% even at
T = 0, the superfluid transition temperature of 2.17 K is quite close to Tggc = 3.87 K predicted from this
formula for non-interacting Bosons.

7It’s noteworthy that a consequence of (L1) is that a homogenous 1D (g(€) o< € /2) or 2D (g(€) o< €°)
system cannot Bose condense, because the energy integral in (1.1) is divergent at u = 0 (which is to say



be exact). Since A7 is the length scale over which a particle is spatially “spread out” due
to the uncertainty principle, nA3. ~ 1 is the density at which bosons become “aware” of

neighboring bosons, qualitatively speaking.

For early experimentalists on the quest for an ideal Bose gas, it was quite logical to
choose the lightest Bosonic atom, 'H, to maximize Tggc. Unfortunately, hydrogen proved
to be a rather unwilling candidate for Bose condensation [27], and only deigned to con-
dense after more than 20 years of concerted effort at MIT and elsewhere [28]. Meanwhile,
alkali atoms emerged as strong contenders for Bose-Einstein condensation, thanks to the

new technique of laser cooling [29-31].

As detailed in appendix D, atoms in the path of two red-detuned counterpropagating
lasers can be cooled down to uK temperatures due to photon recoil. This technique,
which required the atoms to have fairly well-separated, clean spectral lines in the optical
wavelengths, was ideally suited for alkali atoms because of their sharp *S — 2P lines?
The final stage of cooling to achieve n)\2. ~ 1 is evaporative, expelling the more energetic

atoms and allowing the rest of them to thermalize (see appendix D.2 for a discussion).

Thermalization is achieved by interparticle interaction, which has qualitative effects
even in a weakly interacting gas, for example in fixing the size of a Bose-condensed cloud
in a trap. A bosonic cloud of size R in a harmonic trap will in general have three con-
tributions to its energy per particle, (i) the kinetic energy K o< 1/R?, (ii) the interaction

energy U oc n oc N/R?, and (iii) the harmonic energy V oc R2. Since U scales with

that p never hits zero). However, Bosons in a 2D harmonic trap can condense, because g(€) o €. By the
same mathematics, in a 3D harmonic trap the condensate density is given by

[
n Tgec
instead of (1.2) because g(€) o< €.
®For sodium, for example, this transition gives the well-known yellow doublet at 5890 A and 5896 A,
and consequently the yellow color of sodium vapor lamps.




N, it becomes large in the thermodynamic limit, and for U > 0 (repulsive atom-atom
interaction, such as 2Na) a competition between U and V sets the cloud size (figure 1.1
left). For an attractive atom-atom interaction such as “Li (figure 1.1 right), U < 0 and the
situation is different. For small N, the total energy has a local minimum and a metastable
cloud can be formed, but after a critical number of atoms the cloud implodes. This is why
Wolfgang Ketterle’s group at MIT could make a BEC out of almost a million *Na atoms,
but Randall Hulet’s team at Rice University could only put ~ 1,500 ’Li atoms into their

BEC before the cloud imploded [21].

Repulsive Attractive

R R

FIGURE L1: For a repulsive atom-atom interaction (left), there is always an equilibrium
size of the cloud. For an attractive atom-atom interaction, the cloud can implode (R — 0)
beyond a critical particle number.

Unstable condensates such as 7Li can be stabilized by tuning the interaction energy
using a Feshbach resonance. The interaction energy per unit volume for a dilute gas at
low temperatures depends on the two-body scattering length a and the density n (see,
e.g., [32] or appendix G),

2nha 2

Eint =
m



Near a resonance magnetic field By, the scattering length a gets renormalized to

AB
a = apg 1+B_BO

due to the appearance of a bound state (with binding energy E, = #?/ma?) on the a >
0 side; ay, is the scattering length in the absence of a magnetic field (see, e.g., [33] or
appendix G). On either side of the field By, the scattering length and consequently the

two-particle interaction energy has different signs.

Irrespective of the sign of ayg, the effective two-particle interaction can be tuned to be
attractive or repulsive by bringing the cloud close to a Feshbach resonance. Such a knob,
for example, has been used to stabilize condensates where the inherent atomic interaction
is attractive, such as® 8°Rb. Since 1995, using a combination of such techniques, scientists
have Bose condensed 87Rb [19], 2*Na [20], “Li [21], 'H [28], 8°Rb [35], ¥K [36], metastable

4He [37, 38], 33Cs [39], 74Yb [40], and 52Cr [41]!°

The proximity to a Feshbach resonance opens up experimental possibilities not avail-
able in superfluid “He. On the a > 0 side of Feshbach resonance, the molecular state
has a lower energy than the atomic state. However, close to resonance the thermody-
namic equilibrium state is not a pure molecular state but rather a mixture of atoms and
molecules. Experimentalists used this coexistence to create a coherent mixture of atoms
and molecules on the a > 0 side, in which the composition of the condensate oscillated

between mostly atomic and mostly molecular at a frequency determined by the binding

*Interestingly, the “Li experiments [21, 34] never used this stabilization and were thus restricted to
really small condensates.

1932Cr is particularly interesting; because of the six electrons in its outer shell, its magnetic dipole-dipole
interaction energy is 36 times stronger than typical alkali atom condensates which are dominated by con-
tact interaction. By tuning the magnetic field to a = 0, a condensate with purely long-range anisotropic
dipole-dipole interaction can be created, with signatures in the expansion [42], ground state [43] and low
energy excitations [44] of the cloud. The anisotropic (dipolar) interaction can also be tuned, by time-
varying magnetic fields [45], resulting in a condensate with arbitrarily tunable isotropic and anisotropic
interactions. It’s also worth noting that compared to most other species mentioned here, **Cr has ex-
tremely narrow resonances, with the broadest one being a AB = 96 uT resonance at B = 60 mT [46].



energy [47]

Novel experimental systems involving cold atomic condensates are not just restricted
to those close to a Feshbach resonance. Alkali atom condensates have also been used to
mimic behavior of superfluid *He as well as observe behavior theoretically possible for
bosons but never observed in *He. For example, while arrays of quantized vortex lines
have been observed in rotating superfluid *He [51], the high cost of vortex formation
in three dimensions precluded the observation of a triangular flux lattice a la type-II
superconductors [52]. Cold atomic vapors have weaker interactions and thus a lower
cost to vortex formation than liquid “He, and in 2001 a triangular lattice of vortices was
observed by spinning a 3D condensate of *Na atoms [53]. In the same year, another
group did a detailed study on the nucleation of a single vortex by slowly spinning up a
87Rb condensate [54], again exploting the high degree of control in these systems. Some
years later, yet another group observed the destruction of superfluidity by Kosterlitz-
Thouless transition in a 2D atomic condensate [55], analogous to 2D films of superfluid

4He!?

"'On the a < 0 side of Feshbach resonance, the interaction energy is negative and, not surprisingly,
leads to a collapse of the condensate and the expulsion of atoms in a Bosenova. The critical numbers and
(negative) scattering lengths required for a Bosenova were studied in detail by scientists at JILA through
a series of controlled experiments [48]. They also observed that even on the a > 0 side of a resonance,
an atomic condensate became unstable close to the resonance [49], and collapsed at a rate faster than
predicted by the dominant loss mechanism of three-body recombination [50]. In chapter 2, we explain this
collapse as being due a negative compressibility of the atomic cloud, which is only stabilized at much higher
densities than those experimentally achieved. This instability also explains why atomic Bose condensates
created by gradually sweeping a molecular phase close to resonance are never stable.

We also explain in chapter 2 why this instability is not manifested in experiments such as [47], where
a coherent superposition of the atomic and molecular states is observed for ~ 100 us. We show that the
atomic state observed in [47] is not a thermodynamically stable energy minimum, but a metastable energy
maximum that is stable over 100 us timescales due to conservative Hamiltonian dynamics. This metasta-
bility also explains why adiabatic ramps close to resonance from the molecular side create atomic states
that are longer lived than [49] but can’t be maintained for more than ~ 10 ms.

?Since a trapped 2D ideal gas allows Bose-Einstein condensation, it’s in fact not completely analogous
to 2D “He films, which exhibit superfluidity without Bose condensation. In a 2D harmonically trapped
bose gase, superfluidity could be either due to a Kosterlitz-Thouless (KT) transition or due to Bose con-
densation, and only recently have matter wave interference experiments confirmed the former mechanism
[56].



The overarching theme that connects all experiments with cold atomic Bose conden-
sates is that atoms interact, and condensate collapse (or growth) and vortex formation are
just two of the many possible consequences. Other consequences include soliton propa-
gation [57, 58], zero, first and second sound [59], squeezed states [60], Tonks-Girardeau
gas [61], atom lasers [62], Mott insulator-superfluid transition [63] and Anderson local-
ization [64, 65]. While a review of each one of them is beyond the scope of this document,

the interested reader is referred to [66] and references therein.

1.1.2  Degenerate Fermi gases

At phase space densities of order unity, the aforementioned phenomenon of Bose-Einstein
condensation (BEC) reveals the quantum nature of bosons. By extension, we expect
Fermions to exhibit their quantum nature as well when their phase space density reaches
unity. However, due to the Pauli exclusion principle, their density cannot rise arbitrarily,
and fermions do not “condense” in the sense of macroscopically occupying a single state.

Instead, a Fermi surface develops below the Fermi temperature.

For an ideal Fermi gas of spinless Fermions at temperature T = 1/kg[3, the equation

of state reads
1 [2m]3/2 > ell2de 1 [Zmp]m 2 1Y
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where the expansions to the right hold for low temperatures (P > 1) compared to p/kg.

At high temperatures (fp << 1), the energy per particle goes to its classical equiparti-

tion value E/N = 3kpT/2, while at low temperatures (Pu > 1) it goes to a constant
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3u/5, reflecting the fact that the fermions must fill up all states up to the Fermi energy
er = u(T = 0), and cannot have arbitrarily low energies even at zero temperature. The
temperature at which this crossover from classical to quantum behavior occurs (Bp = 1)
can be considered to be the temperature for the onset of Fermi degeneracy. At tempera-

tures below Tg = eg/kg, we can expect the consequences of Fermi statistics to dominate!?

Unlike Bose condensates, degenerate Fermi gases are fairly common in everyday life.
Valence electrons of metals form a Fermi liquid with Tr ~ 10° K, so at room temperature
(300 K) they are highly degenerate. However, an atomic gas of degenerate fermions has
some unique properties not exhibited by a degenerate electron gas in metals. First, inter-
atomic interaction can be tuned by a Feshbach resonance, and consequently energy scales
arising out of that interaction can be varied over a wide range with respect to the Fermi
energy. For example, in normal metals, although the Fermi temperature is ~ 10° K, the su-
perconducting transition temperature is a few Kelvins, a consequence of the weak lattice
mediated electron-electron interaction!4n a cold atomic system, the transition tempera-
ture can be tuned to be of the same order of magnitude as the Fermi temperature. Second,
the charge on electrons precludes certain states such as magnetized superconductors (or
Cooper pairing between spin-imbalanced electrons), because magnetic fields are com-
pletely screened by supercurrent eddies. Since cold fermionic atoms are neutral, they can
undergo Cooper pairing in the presence of a spin imbalance and display a whole slew of
behaviors not observed in degenerate electrons. Third, electron-electron interaction is

always monopolar. Cold fermionic atoms, on the other hand, can display dipole-dipole

The chemical potential itself is equal to the Fermi energy only at zero temperature, while at finite
temperature it is given by [67]

. I_T:Z(quT)z_a#(lq;T)4+O(lqu)6
H=er 12\ ep 80 \ ep er

"“For example Mercury, the first known superconductor, has Tg ~ 79,600 K and T, = 4.2 K, while Tin,
another well-known superconductor, has Tr ~ 74,500 K and T, = 3.7K.
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interaction (e.g., >*Cr), exhibiting physical phenomena not observed in metals.

Fermi pressure, rather than interactions, sets the size of clouds of trapped Fermi gases
by placing upper limits on the real and momentum space densities. This can be used to
detect the onset of Fermi degeneracy, as demonstrated by scientists at Rice University
and JILA. When the Rice group cooled down a mixture of “Li and ®Li atoms to T = Tg/4,
they saw that the bosonic 7Li atoms shrunk to a cloud a third of the size at T = T, while
the fermionic SLi cloud stayed at the same size as at T = T [68]. Since the interatomic
potentials between all the atoms in the mixture were identical, this difference in behaviors
was a dramatic visually obvious consequence of Fermi statistics. The JILA group looked
at the momentum and energy distribution in a cloud of fermionic *°K cooled to T = T /2.
They observed the energy per particle cross over from 3kzT/2 for T > Tr to 3k Tx/5 for
T < Tg, and the momentum distribution go from a gaussian (T > T) to a parabola

(T < Tg) [69], complementing [68]’s observations in momentum space.

The Pauli exclusion principle, which is behind Fermi pressure, makes fermionic clouds
stable against collapse even for attractive interactions, but also makes it harder to achieve
degeneracy. The final cooling step to achieve either Bose or Fermi condensation is always
evaporative (see appendix D.2 for a discussion), where the trap is lowered to leak out the
more energetic atoms. The rest of the cloud, which now has a lower average energy per
particle, thermalizes to a lower equilibrium temperature. Thermalization in a fermionic
cloud is hindered at low temperatures due to two effects, which are consequences of Pauli

exclusion in real and momentum space.

First, thermalization requires elastic collisions between atoms. For a collision with
center of mass angular momentum®® ¢, the distance of closest approach d and the relative

momentum p must be related by d x p = €h. At low temperatures, p is bounded above

“For £ =1,2,3..., these collisions are called s-wave, p-wave, d-wave and so on and so forth
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by the Fermi momentum pr = h(6m?n)'/3. Thus for a £ > 0 collision, d must satisfy
nd> > 1/6m%, or d 2 r, where r o< n~1/3 is the interparticle spacing. Elastic collisions
between neutral alkali atoms are mediated by short-range van der Waals potentials. The
typical range of these potentials is about 5a, [70], which is also the atomic size, and much
less than r. So at d 2 r, the interatomic potential is too weak to cause a collision, and the
only elastic collisions possible at low temperatures are £ = 0 (s-wave). But an s-wave
collision with a 5ay-range potential requires two identical fermions to spatially overlap,
which is forbidden by the Pauli exclusion principle [71]. Thus thermalizing collisions

between identical fermions are suppressed at low temperatures.

Second, in the energy-momentum space, cooling by thermalization involves high en-
ergy atoms being scattered into low energy states (figure 1.2, left), reducing the average
energy per particle. However, as the temperature is lowered, states below the Fermi en-
ergy start filling up (figure 1.2, center), reducing thermalizing collisions until for T << T
(figure 1.2, center) thermalizing stops altogether, effectively blocking evaporative cooling

[69].

To get around the first problem, experimentalists utilize thermalizing collisions either
between two different spin states of the same fermionic atom, or collisions between two
different atomic species. For example, [69] and [72] trapped two different spin states of
the same fermionic atom. Since s-wave collisions between non-identical fermions are not
suppressed, they can cool the fermions to degeneracy. This, however, does not counter
Pauli blocking, since each of the fermionic species freezes into its own Fermi sea. Con-

sequently, [69] and [72] could not reach temperatures below Tr/2 (roughly).

To get around Pauli blocking, [68] and [73] cooled fermionic °Li by placing it in con-
tact with a Bose condensate of ’Li, by a technique known as sympathetic cooling. Since

only some of the atoms are now Pauli blocked, collisions are not completely suppressed.
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FIGURE 1.2: Solid circles denote atoms below the Fermi energy Eg, while hollow circles
denote high energy atoms that need to lose energy during thermalization. At T > Tg
(left), there are unoccupied states below Er where high energy atoms can scatter into,
thereby lowering the average energy per particle. At T ~ Tg (center), there are very few
vacant states left below Eg, so scattering events that would lead to cooling are reduced.
At T « T (right), all states below Eg are occupied, so the high energy atoms cannot lose
their energy, and cooling stops.

Since then, temperatures as low as 0.1Ty have been achieved by sympathetic cooling of

Fermi gases [74].

While Pauli blocking makes it hard to cool fermi gases evaporatively, it is also one of
the signatures of Fermi degeneracy, the threshold at which quantum effects become ap-
parent in macroscopic properties. Besides affecting thermalizing time scales [75], Pauli
blocking also changes mechanical collective modes in a gas, such as sound propagation.
Sound waves in a fluid are pressure and density waves that propagate by collisional re-
laxation between adjacent regions of space. A suppression of collisions therefore leads to
a suppression of sound propagation, observed as rapidly damped sound waves in a 4°K

cloud [76].

In the days since the first degenerate Fermi gases, experimentalists have explored a
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whole host of novel systems, including unequal-mass Fermi mixtures [77], p-wave pair-
ing [78, 79], three strongly interacting Fermi states [80] and fermions in optical lattices
[81, 82]. Without a doubt, however, the most important consequence of our ability to
cool and manipulate Fermions is the revival and validation of the concept, developed in

the 1980s, of a BEC-BCS crossover [13, 83, 84].

1.1.3 BEC-BCS crossover

At low temperatures, as John Bardeen, Leon Neil Cooper and John Robert Schrieffer ex-
plained in 1957, the Fermi sea of electrons in some metals is unstable to a lower energy
ground state. In this ground state, electrons of opposite spins and momenta are paired
into singlets due to a phonon-mediated attractive interaction. There is an energy cost to
breaking a pair, and as a result at T — 0 electron-hole excitations are suppressed. This
blocks scattering events that give rise to resistivity in regular metals, and an electric cur-

rent can flow without resistance [11]. For a summary of the BCS theory, see appendix B.

The BCS theory was accepted as the explanation of superconductivity, primarily be-
cause of the accuracy of its quantitative predictions, such as the Meissner effect [85],
specific heat [86, 87], radio-frequency absorption [88, 89], superconducting transition
temperature and critical magnetic field [90], isotope effect [91, 92], tunneling density of
states [93], Josephson tunneling [94, 95] and Aharonov-Bohm effect in superconducting
loops [96]. With the discovery of superfluidity in *He below 2.5mK (15, 97], the BCS
theory was generalized to spin-triplet (p-wave) Cooper pairs, using interatomic poten-
tials as a pairing mechanism between neutral fermions [16]. In a sense, the acceptance of
BCS theory was helped by the fact that high-T, superconductors — which are not well-

explained by BCS theory — were not discovered until 1986 [98-101].
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Even before the unveiling of high- T, cuprates, the success of BCS theory in explaining
the superfluidity of *He raised a natural question: was the BCS pairing related in any way
to the pairing between two 3He atoms that formed a bona-fide *He, molecule [102]? And
was there a mathematical relation between the BE condensation of such molecules and
emergence of a BCS order below some temperature? These were not far-fetched ideas,
since there was no symmetry difference between a Cooper pair of weakly bound fermions
and a tightly bound difermionic molecule; all the differences, such as binding energy and

size, were quantitative.

Schafroth in 1954 had the right idea when he postulated that conduction band elec-
trons in metals paired up to form charged bosons [103] which underwent superfluid
motion below their BEC temperature, giving rise to a supercurrent [104]. However, his
ideas were shelved due to lack of quantitative agreement with experiments. The pairing
of neutral fermionic *He atoms brought back into focus the possibility that BCS super-
conductivity was really the same phenomenon as the BE condensation of difermionic
molecules - albeit in very different parameter regimes. To explore that possibility, two
questions needed to be answered: was the BCS theory the weak-coupling limit of a more
general theory of paired fermions, which in the strong-coupling limit yielded tightly
bound bosonic molecules? If so, then was the BEC transition temperature of the bosonic
molecules the strong-coupling limit of a more general temperature scale, which in the

weak-coupling limit reduced to the BCS superconducting transition temperature?

In 1980, Tony Leggett presented a model by which he could answer the first of the
two questions [83, 84]. Considering s-wave contact interaction between two fermions at
T = 0, he showed that for weak attractive interaction a BCS superfluid appeared, whereas
for strong attractive interaction the ground state was a BEC of di-fermionic molecules. In

1985, Noziéres and Schmitt-Rink, using a diagrammatic approach, extended this picture
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to T > 0, and proved that indeed, Tpcs and Tggc were the weak and strong coupling limits
of a pairing transition temperature. The coupling strength for a contact interaction can
be quantified by the two-body scattering length a; a — 0~ yields the BCS limit of weak
attractive interactions, whereas a — 0* reduces to the limit of tightly bound molecules.

The connection between the two can be summarized by a phase diagram such as figure 1.4

(left) [105].

On the BCS side, the phase diagram shows that Cooper pairs form and condense at
the same temperature, reflecting the well-known fact that current carriers have been ob-
served to have a charge 2e only in the superconducting phase. On the BEC side, however,
molecules remain non-condensed but paired above their BEC transition temperature.
Further, as we saw in § 1.1.1, even interactions as strong as in “He have a relatively small
effect on Tggc, therefore the transition temperature on the BEC side is more-or-less con-
stant as a function of interaction strength. Above the transition temperature on the BCS
side, the normal state is a Fermi liquid of unbound fermions, which forms molecules at
a characteristic crossover temperature (dashed curve in figure 1.4, left) set by the inter-
action strength [105]. The two limits are separated by the so-called unitarity limit, where
the two-body scattering length diverges!°The chief significance of this point is that the
only remaining finite length scale is the interparticle spacing n-"/3, so all other intensive
physical quantities of the system much be universal functions of that length scale. In other

words, ratios such as T,/ T, u/er and A/er must be the same for all systems at unitarity.

Although appealing to theorists because of its simplicity, this framework of a crossover
between the BEC and BCS limits remained of purely academic interest throughout the
80s, since there were no experimental systems that could mimic or observe this crossover!’

Interest in crossover physics was revived in the 1990s by theorists who argued that the

%see appendix G for a presentation in terms of the scattering matrix
'1f, for example, we could bring the electron gas in a typical metal to unitarity, we would have super-
conductivity at 10,000 K.
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weak-coupling BCS theory was insufficient to account for the high transition tempera-
tures of the cuprate superconductors [105]. But this field really took off with the realiza-
tion of Fermi degenerate cold gases, whose tunable interactions, unlike superconductors
and superfluid *He, could be used to explore both the limits as well as the crossover region

in between.

Creation of diatomic molecules out of two different spin states of a fermion followed
close on the heels of cooling a Fermi gas to degeneracy. Randy Hulet’s group at Rice,
Christophe Salomon’s group at ENS and Rudy Grimm’s group at Innsbruck almost si-
multaneously created long-lived diatomic °Li, molecules by subjecting them to a mag-
netic field on the BEC side of their Feshbach resonance [106-108]. Simultaneously, Deb-
bie Jin's group at JILA performed the same feat with “°K, molecules [109]. Although
these molecules were too warm to Bose condense (yet), no one doubted that a BEC of
di-fermionic molecules was on the horizon. The wait period was rather short, and in
the same year scientists at MIT [110], Innsbruck [22] and JILA [111] reported the Bose-
Einstein condensation of SLi, and *°K, on the BEC side of their respective resonances.
One half of the phase diagram (figure 1.4, left), the BEC limit of tightly bound molecules,

was explored.

Detecting a condensate of Cooper pairs at the other limit of the crossover was not as
straightforward as observing a BEC of bosonic pairs. For bosonic molecules, a peaked
distribution in real and momentum space is an infallible signature of Bose condensation.
However, the size of Cooper pairs on the BCS side is comparable to the cloud size, and
the similar shape and size of the condensed and the normal gases makes it difficult to
detect condensation in the BCS limit. Techniques to indirectly detect BCS condensation

were therefore developed.

The expansion of a spin-balanced Fermi gas near resonance at low temperatures was
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found to be hydrodynamic, similar to the expansion of a superfluid, suggesting the pres-
ence of superfluid order on the BCS side [112]. Collective breathing mode frequencies
and damping parameters close to resonance on the BCS side were also inconsistent with
Fermi liquid predictions [113, 114]. A signature of superfluid transition was also observed
in the specific heat [115]. A pairing gap, analogous to the BCS order parameter, was ob-
served spectroscopically in a two-component °Li gas [116]. Some experimentalists adia-
batically ramped a magnetic field from the BCS to the BEC side and saw a condensate of
molecules [23, 117]. Since the ramps were faster than molecular condensation times, the
existence of a molecular condensate was considered proof positive for the existence of a

condensate on the BCS side [118].

The most visually stunning proof of the existence of a condensate throughout the
crossover region came in 2005, when Ketterle’s group loaded a 50-50 mixture of |mp = +1/2)
spin states of ®Li in a optical trap, stirred the cloud for a second, and observed long-lived
vortices persisting throughout the crossover region from 1/kga = —0.37 to 1/kga = 2 [119].
The formation of vortices is a sure signature of superfluidity, and their experiment finally

connected the BEC and BCS limits below the Bose-Einstein condensation temperature’®

With the experimental realization of the BEC-BCS crossover, considerable interest
has emerged in studying crossover physics in spin-imbalanced Fermi systems. While
pairing between fermions with different chemical potentials is possible [17, 18], the phase
space for such a pairing is extremely small in three dimensions [121] and would require
careful tuning of the individual chemical potentials. More generically, a spin-imbalanced
system at T = 0 can have at least three different phases (figure 1.3). A normal phase,

without any pairing order, will form when the pairing energy is small compared to the

'] have been somewhat glib about alternately using the terms superfluidity and Bose-Einstein conden-
sation. For a 3D system without disorder such as [119], the two are indeed interchangeable. However, in
general it is possible to have superfluidity without BEC in lower dimensions, and BEC without superflow
in disordered systems [120].
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FIGURE 1.3: For either non-interacting fermions or for fermions mismatched above the
CC limit, there is no pairing and the stable phase is a “normal” Fermi liquid. For weakly
bound pairs a la Cooper pairs, there is a phase separation between the gray superfluid
core and the excess fermions, because the transition is discontinuous. Once the pairs are
tightly bound into molecules, the system is a Bose-Fermi mixture, and may or may not
be phase separated. Red circles are the majority species.

chemical potential mismatch (see, e.g., figure B.1, left, 1 > h,). In that case, the chemical
potential mismatch is said to be greater than the so-called Chandrasekhar-Clogston (CC)
limit [122, 123]. When the pairing energy barely beats the mismatch (figure B.1, left, h <
h.), large delocalized Cooper pairs form. Since the transition to a paired superfluid is first
order, the two phases are separated spatially. As the pairs become more tightly bound
(and, as a result, smaller), the fact that the bosons are composite objects become less and
less important, and eventually the systems acts like a mixture of bosons and fermions.
Whether there is phase separation or not depends on the details of the atom-atom, atom-

molecule and molecule-molecule interactions!®

' As we will see in chapter 5, for cold gases, although there is phase separation in this regime, the two
phases are not necessarily pure fermions and pure bosons. In general, a partially polarized normal phase
could also coexist with a superfluid phase [124], and which of these phases coexists with which will be
determined by the nature of the transition between them.

In chapters 3 and 4, we study these spin-polarized Fermi systems near unitarity in some detail. In
2006, two different groups subjected spin-polarized mixtures of °Li in its two lowest hyperfine states to
unitarity [74, 125]. At T = 0, both groups obtained superfluidity at the trap center. Working with an
extremely elongated cigar-shaped trap, [2, 74] observed two shells in their density profile; a superfluid
core surrounded by a fully polarized normal shell. However, working with a less elongated trap, [125,
126] observed three shells in their density profile, which they interpreted as due to a superfluid core, a
fully polarized normal outer shell, and a middle shell of indeterminate origin — which they claimed was a
“partially paired superfluid” phase (an unfortunate misnomer, since this phase was above the CC limit and
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Recently, putting these crossover systems on optical lattices has become another di-
rection of research. By tuning the lattice depth and interatomic interaction, the on-site
and hopping interactions can be simultaneously tuned, providing an ideal model of solid-
state systems. Researchers have managed to achieve both a condensate of molecules [81]
as well as a superfluid across the BEC-BCS crossover region [82] for fermions in an opti-
cal trap. Current research is focused on using cold atoms to simulate solid state systems

[127].

Deep in the BEC side of resonance, a spin-imbalanced system can be described as a
Bose-Fermi mixture of molecules and atoms [128]. This is a very specific case of a more
general interacting heteronuclear Bose-Fermi mixture. Feshbach resonances have been
observed in such mixtures of Rb and “°K [129]. Using enhanced collisions near such
a resonance, scientists in Florence and JILA have simultaneously cooled a Bose-Fermi

mixture to degeneracy [130, 131]?°

While a Feshbach resonance can tune the interaction between two species, or two
hyperfine states of a Fermion, some atoms have multiple hyperfine states with multi-
ple closely-spaced Feshbach resonances between the different possible pairs. This leads
to a mixture of more than two strongly interacting species. Recent spectroscopic mea-

surements have observed signatures of two nearby Feshbach resonances in three-fermion

hence normal). We devote chapter 3 calculating the phase diagram of a vanishingly small fraction of down
spins in a Fermi sea of up spins, in particular the ratio of their chemical potentials at which the density
of down spins goes to zero. We see that the Noziéres-Schmitt Rink (NSR) formulation overestimates the
interaction at unitarity; while the NSR prescription correctly interpolates between the BEC and BCS limits,
at unitarity, it fails due to strong interactions.

The elongated trap [2, 74], on the other hand, observed an effect absent in [125, 126]. Although the
oscillator lengths were much larger than the interparticle spacing, there was an apparent LDA violation;
the boundary between the two shells in [2, 74] did not follow an isopotential contour. In chapter 4, we
explain this as being due to surface tension between the two shells, arising from a first order phase tran-
sition. We calculate the coefficients of a Landau-Ginzburg free energy to estimate the surface tension at a
superfluid-normal interface, and compare it to empirical fits to experimental data.

*This has strong parallels with a *He-*He mixture, and in chapter 5, we show how an interacting Bose-
Fermi mixture can be used to construct a “dilution fridge” in a cold atomic system, analogous to a *He-*He
dilution refrigerator.
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1.1.4 Future directions and parallels with other systems
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FIGURE 1.4: Analogy between BEC-BCS crossover for cold gases and high-T. supercon-
ductors. Left: (Schematic) phase diagram for cold gases near unitarity, according to
[105]. Deep in the BCS side (conventional superconductors), Cooper pairs form and
condense at the same T, while deep in the BEC side, molecules that form do not neces-
sarily condense until sufficiently cooled. Right: Well-known phase diagram for cuprate
superconductors. The area below the dashed curve displays a pseudogap phase, which is
characterised by a suppression of the density of states near the Fermi energy without a
superconducting gap.

The unprecedented control available for cold atomic gases has brought a little known
concept from 20 years ago to the forefront of theoretical physics. While any theory that

successfully connects widely disparate phenomena such as molecule formation and su-

*'For example, the three lowest hyperfine states of SLi (|Y/2,1/2), [/2,~1/2) and [3/2, -3/2), respectively
called |1), |2) and |3)) have pairwise resonances at 834 G, 811 G and 690 G, even the narrowest of which
is 122 G wide. This means that at a field of, say, 760 G and Fermi energy of 13 KHz, all three pairs will be
close to unitarity, with 1/kga of 1.15, 0.98 and -0.99. A group at MIT [80, 132] observed the RF spectra of
a paired [1)-|2) state at unitarity to be very different from what a pairing gap picture would suggest [116].
In chapter 6, we will calculate how the presence of a [1)-|3) resonance near the unitarity of [1)-|2) changes
the RF spectrum due to strong |1)-|3) interactions. We will also show that generically such a spectrum can
be of two types, and will classify existing RF spectroscopy experiments accordingly.

22



perconductivity is exciting in its own right, some scientists are hopeful that crossover
physics might also explain the as-yet unexplained phenomenon of high-T, superconduc-
tivity in cuprates. The optimism stems from the fact that the phase diagram of a cuprate
superconductor (figure 1.4, right) looks topologically similar to the BEC-BCS phase di-
agram for cold gases (figure 1.4, left). The low (high) impurity limit for cuprates cor-
responds to the BEC (BCS) limit of cold gases. For low hole doping, before the onset of
superconductivity, cuprate superconductors display a pseudogap state, where the tunnel-
ing density of states at the Fermi level is partially suppressed, signaling the onset of some
kind of order [133-135]. If this were due to pre-formed electron pairs, it would be analo-
gous to the BEC side of the cold gas phase diagram, where pairs form at a much higher
temperature than their condensation temperature. On the highly doped side, cuprates
do not display a pseudogap, much like Cooper pairs form and condense simultaneously
in the BCS limit. If the pseudogap were due to some sort of pairing order, then under-

standing crossover physics could give us clues to high-T, superconductivity.

While it is easy to get carried away by these analogies, it should be kept in mind that till
date, no experiment on high-T, superconductors has conclusively proved the existence of
pre-formed pairs, despite promising forays [136]. On the other hand, no cold gas experi-
ment has ever demonstrated the existence of a pseudo-gap, although successful theories
to explain spectroscopic experiments include theories involving a pseudogap [137]. More

investigation is needed on both fronts, but there is room for cautious optimism [138].

Attempts are also underway to draw parallels between cold atoms and degenerate
fermions at a different energy scale, — quark-gluon plasma, neutron stars and white dwarfs.
While the energy scales are different, due to the universality of the physics at unitarity,
measurements of viscosity and three-species pairing in cold gases could provide insight

into the behavior of the higher energy systems [139].
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CHAPTER 2
THERMODYNAMICS OF BOSE CONDENSATES NEAR A FESHBACH
RESONANCE

This chapter was adapted from “Stability of bosonic atomic and molecular condensates
near a Feshbach resonance” by Sourish Basu and Erich ]. Mueller, published in Physical

Review A 78, 053603 (2008) [140].

Using Feshbach resonances [141], experimentalists can tune the interactions in atomic
clouds[47, 106, 111, 112, 116, 142, 143]. For a system of Fermi atoms, this technique has al-
lowed the study of a crossover between a BCS superfluid of Cooper pairs to a BEC super-
fluid of molecules [111, 112, 116, 143]. Recently three separate theoretical groups[144-146]
have proposed that for Bosonic atoms the same technique can produce a phase transition
between an atomic and a molecular superfluid (respectively called ASF and MSF hence-
forth, after [145]). If, as suggested by Romans et al [144] and Radzihovsky et al [145], this
quantum transition is continuous, then it would be in the Ising universality class, with
dramatic signatures in the properties of vortices. The topological character of this phase

transition makes it of intense interest to a large community of physicists.

Here we show that in the limit of vanishing molecule-molecule and atom-molecule
interaction (the same limit considered in [144] for constructing their phase diagram), no
ASF <~ MSF phase transition can occur near a Feshbach resonance (defined as where the
molecular binding energy approaches zero). Previous work[144, 145] showed that as one
decreases the magnitude of the molecular binding energy, but before reaching resonance,
the MSF becomes unstable. In those works it was assumed that the instability leads to a
phase containing atomic superfluid order. We demonstrate that without the stabilizing
influence of molecule-molecule interaction the system has a negative compressibility and

this instability actually leads to a mechanical collapse of the cloud, and adding repulsive

24



molecule-molecule interaction only stabilizes the cloud at sufficiently high density (esti-
mated at least three orders of magnitude higher than current experiments [47, 49, 147]).

Three-body losses are therefore likely to make the phase transition unobservable.

Experiments are routinely performed [47, 49] on dilute atomic clouds on the molecu-
lar side of a resonance (i.e., the side on which a bound molecule exists), so this instability
cannot be the whole story. Indeed, we verify the existence of a mechanically stable ASF
in this region and show that it always has a larger energy than the molecular condensate,
precluding the possibility of a phase transition (even a first order one). Furthermore, we
demonstrate that this ASF is a saddle point of the free energy, and it is always energeti-
cally favorable for atoms to recombine into molecules. It is only the slow kinetics of this
recombination, which relies upon three-body collisions, which allows experiments to be
performed on atomic condensates. A simple model of these kinetics was presented by

Cragg and Kerman [148].

Most of our points about the properties of the atoms were made by Timmermans,
Tommasini, Hussein, and Kerman [149] several years before the publication of refs. [144—
146]. In particular, Timmermans et al. were aware of both the topography of the energy
landscape and the mechanical instability which precludes a pairing transition. The main
new contribution of this work is that we perform a detailed analysis of interactions. This

is particularly important given the potential of these terms to stabilize the cloud.
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2.1 Phase diagram

We model the Hamiltonian for a mixture of atoms and molecules near a one-channel

Feshbach resonance as

F- / [Fn(x) + Fa(x) + Fam(x)] d*x 2.1

A
- 2m

Aa
F, KoY+ S VaVaYaVa
Fam = € [WhWaWa + VIV IWm] + Xam ¥, Wi W ot

) \ATAR VAT N

F
" 4dm

Am
€= 205 Ym + — VnWm¥mYm

where F, and F,, represent the pure atomic and molecular contributions, and F,,, the
coupling between them. Field operators y,(x) and y,,(x) respectively annihilate atoms
and molecules at position x (which is suppressed in these equations). Parameters A rep-
resent the strengths of elastic scattering, while g represents the strength of conversion
between atoms and molecules, p is the chemical potential, and € < 0 is the binding en-
ergy of a molecule, which can be controlled by tuning an external magnetic field. To treat
this Hamiltonian within mean field theory one must renormalize the coupling constants
from their bare values. For example, Duine and Stoof [150] have derived a simple renor-
malization scheme which connects these quantities with their bare values, providing their
magnetic field dependence. We emphasize however that for bosons near a Feshbach res-

onance there is no simple expression relating the various A’s.

In this paper, we find the stationary points of (2.1), and analyze their stability. We
discuss two types of stability: dynamic, where small fluctuations do not grow in time;
and thermodynamic, where small fluctuations cannot reduce the free energy. Although
a thermodynamic instability implies that the system will eventually decay, the timescale,
which is governed by kinetics and dissipation, may be long enough that the system ap-

pears stable. (In fact, since the ground state of alkali atoms at nano-Kelvin temperatures
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FIGURE 2.1: Phase diagrams of Eq. (2.1) without background atom-molecule scattering
(Aam = 0) in the parameter space of binding energy e and density # (a) or chemical po-
tential p (b), at A, = 2A,. As quantitatively discussed in the text, similar results hold for
more general values of \,,. The various dotted lines separate phases with a discontinu-
ous transition, while the solid lines denote a continuous transition. The tricritical point
between MSF and ASF in the two figures, at n\,\,, = 2g%, corresponds to the lowest
density for which a stable ASF exists. The forbidden region in figure (a) corresponds to a
coexistence region where the system phase separates.

is a solid, all experiments on ultracold atoms involve states which are thermodynam-
ically unstable.) Following convention, we describe a thermodynamically unstable (but
dynamically stable) phase as metastable. In determining the stability of the system we will
only consider long wavelength modes, hence it it is possible that some of the metastable

states we report are actually dynamically unstable.

As shown by previous authors [144, 145], for g # 0, there are two possible superfluid
orders: (a) a pure molecular condensate ¢,, = (V) # 0, ¢, = (W¥,) = 0; and (b) a mixed
atomic/molecular condensate ¢, # 0, ¢,, # 0. States with these respective orders will be

called a molecular superfluid (MSF) and an atomic superfluid (ASF).

Generically there are two classes of modes that can destabilize these states: density

fluctuations, and pairing fluctuations. The latter modes change the relative population of

27



atomic and molecular states without changing the total density. Mueller and Baym [151]
characterized both types of modes within a random phase approximation, showing that
in the absence of a molecular bound state there is no phase transition between an atomic
and paired superfluid. Our current calculation extends this result to the case where a true

molecular bound state exists.

Our primary results are the phase diagrams in figure 2.1, shown for A, = 0 and
Am/Aa = 2. Due to the presence of metastable states in experiments involving ultracold
alkali atomic vapors, we do not limit our discussion to the thermodynamic ground state
in each region, but also analyze the stability of other stationary points of the energy, which
can have either ASF or MSF character. These stationary points, hereafter called solutions,
can be found by working at either fixed density or fixed chemical potential. All ASF states
share the same symmetry. When we find multiple ASF states at the same parameter, they

will have varying molecular contribution.

Fixing the density (figure 2.1(a)), the “forbidden” region contains three or four solu-
tions, all of which are unstable: A;, an ASF thermodynamically unstable to pairing; A,,
an ASF dynamically unstable to density fluctuations; M, an MSF unstable to pairing; and
optionally A;, an ASF dynamically unstable to relative phase fluctuations. Such forbidden
regions, where there are no stable bulk phases, are generic features of first-order phase
transitions. They correspond to coexistence of two bulk phases: a system taken to the
forbidden region will spontaneously phase separate into an MSF and a much higher den-
sity ASE, much as a thermos flask filled with water molecules can spontaneously separate
into liquid and vapor. The “MSF” region contains a stable MSF, and either one (A;) or
three (Ag, A;, A,) ASF solutions, two of which (Ao, A;) are thermodynamically unsta-
ble to pairing while the other (A;) is dynamically unstable to density fluctuations. Aj,

however, is dynamically stable against all fluctuations if e\, < 2g%. That is, under these
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conditions, A, is metastable. The “ASF” region contains two (A;, A;) or three (A;, A,,
Aj) ASF solutions, one (A;) of which is stable. In this region the MSF (M) is unstable to

pairing.

Fixing the chemical potential (figure 2.1(b)), the “vacuum”, where the ground state
contains no particles, has an unphysical ASF solution with negative density. The “MSF”
region contains a stable MSF solution, an unphysical ASF solution, and possibly two more
ASF solutions, one unstable and the other metastable, possessing a higher free energy
than the MSFE. The unphysical solution has negative density. The “ASF” region contains
three ASF solutions, one of which is unphysical, one unstable, and one stable. The un-
physical solution corresponds to negative density, and the unstable one becomes stable
when p > 0. In this region, the MSF is either unstable to pairing or has a higher free

energy than the stable ASF solution.

In the remainder of this paper, we derive those results; we find the stationary states
of the Hamiltonian (2.1) and analyze their dynamic and thermodynamic stability against
density and pairing fluctuations at A,,, = A, = 0. We then explore the role of finite A,,
and A,,,. We give full details for the calculation at fixed density, and briefly sketch the

procedure for fixed chemical potential.

Given that we are using a mean field approach it is important to address the point
that the model in (2.1) is often quoted as an example of a Hamiltonian with a “fluctua-
tion driven" first order phase transition [144, 146], where taking into account quantum
fluctuations turns a second order phase transition into a first order one. This standard
nomenclature can be slightly confusing: what it physically corresponds to is the fact that
the mean-field prediction of the location of the tricritical point is shifted by quantum fluc-
tuations. This shift results is a parameter range for which the mean-field theory predicts

a second order phase transition, but for which the actual system displays a first order
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transition. The topology of figure 2.1 is generic and, aside from a small critical region,
one expects that the effects of quantum fluctuations can be incorporated into a renor-
malization of the parameters. We feel that our estimates of the feasibility of observing

the pairing phase transition transcend the mean-field approximation.

2.2 Stationary States (fixed density)

Assuming a uniform condensate exists, we replace the field operators in Eq. (2.1) by their
expectation values, ¢, = (V) = /Nme’® and ¢, = (ya) = \/n,e, where n,,, and
04/m are the number of condensed atoms/molecules and their phase. The energy only
depends upon the phase difference 4§ = 6,, — 20, so without any loss of generality we
will take ¢, to be real and positive. Setting o( F)/9E = 0 shows that ¢,, must also be real,
but not necessarily positive. We work at fixed density, n = n,+2n,,, writing ¢,,, = \/n_/Zx,
and ¢, = /n/1- x2 with -1 < x < 1. The points x = I represent the same state. The
shifted energy € = (F) + (1 — €/2)n is then

_ Agn?
2

£

(1-x%)*+ %(xz—l) +V2m3gx(1-x?) (2.2)

We define the dimensionless parameters o = \,n"/2/2¢\/2 and B = €/2¢g\/2n < 0. For
B < -1, as long as a is not too negative, there are two extrema as a function of x: the
boundaries x = +1 are local minima (M) and a maximum (A,) lies between x = 0 and
x = 1. However, if a is reduced until (3 + 16a% — 8ap)® = 27(1 - 4ap)?, we find two
additional local extrema; a minimum at A, and a maximum at A,. At B = -1, the x = -1
point bifurcates, and for f > -1 it is a local maximum and the local minimum (A,) is

found in the region -1 < x < 0. Illustrative plots are shown in figure 2.2(a).

Previous analyses [144, 145] show that the MC state M is always stable against density

fluctuation, and is (thermodynamically and dynamically) stable against pairing fluctua-
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FIGURE 2.2: Scaled energy € = (F) + (u — €/2)n versus molecular condensate order
parameter x = (|>m\/2/_n for fixed n. The energy has been shifted so that the molecular
state M has £ = 0. (a) A\,,, = Ay = 0: curves show —e > 2g\/ﬂ P <-1),-€e< 2g\/ﬁ
(B > -1), and —e = 2g\/2n (B = —1). For f < -1 there are two sub-cases: either a single
stationary point (A,) or three stationary points (A, Aj and A;). (b) Ay, Aam # 0: Az does
not exist if both of them are zero.

tions if and only if p < -1.

Thermodynamic stability of the ASF is explored by calculating the Hessian H;; =
0%£/0idj, where i, j = x, n. Using the condition 0£/dx = 0, these derivatives can be writ-
ten as Hy, = n[e + 2\a (41, — 14) —12g¢m], Hyp = Hyy = [g(41m — 12) — 26¢,,]/V/ 21,
H,n = n,(2n,\, + 3¢¢,,)/(2n2). The determinant of the Hessian (the discriminant) is
related to the compressibility, du/on = (H,,H,, — H2,)/H,,. For A, the discriminant
is always negative, while for A, and A, it is negative for Ae > 2¢? and otherwise positive.
Thus A,, which is always stable against pairing fluctuations (H,, > 0), is always thermo-
dynamically unstable towards density fluctuations (i.e. has a negative compressibility).
Similarly A, and A, are always thermodynamically unstable against pairing fluctuations
(H,x < 0), and are thermodynamically unstable against density fluctuations if and only

if \e > 2g2.
Dynamical stability is explored by calculating the equations of motion for the fluctua-
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tions. We write the field operators in terms of density fluctuation p(r), pairing fluctuation

$(r), relative phase fluctuation §(r), and total phase fluctuation 8(r).

Wm(r) = %p(r)[x + );(r)]eZi[é(r)+£+>‘<(r)] (2.3)

Fa(r) = V/n s PV (v () Petbrxen

The equations of motion are found by making stationary the action
S= / WO + 10T i — F (2.4)
Working to quadratic order in the fluctuations, we find
Pr = %kzek - %kz)(k (2.5)
upy — 4nxyy = %kzﬁk - [%k2 + HEE] Xk
nxxk = [vk2 - H,,x] % - [%kz + Hxx] %

3x2-4 ,
16mn

ék—uxk = [ —H,m:I Pk"’ [sz_an]yk
where Hgz = -16V2n3gx(1 — x2), u = 1-2x2, v = 3x/8m, a = d;a and the Fourier
components of the fluctuation operators are defined by O(r) = ¥, Oxe’*. As k — 0 the

density and pairing modes decouple, and their frequencies are

Ogensity = ok + O(K*) 26

Wpair = A% + O(K?)
where the speed of sound is related to the compressibility by the standard expression ¢2 =
(n/m)ou/on, and the gap to pairing excitation is A% = H,,Hy; /16n2x2. Since Hg o< —x,
A; and A, are dynamically stable against long wavelength pairing fluctuations, while A,

is unstable. Conversely, we see a long wavelength dynamic instability towards density

fluctuations if and only if a thermodynamic instability exists.

In the special case where A, = 0, Timmermans et al. investigated these same collec-

tive modes [149]. Our results reduce to theirs when we set A, = 0. We note, however, that
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Timmermans et al. found that for some parameter ranges the long wavelength modes
were stable, but shorter wavelength modes become unstable. Thus we expect that some
of the regions which we report as being metastable may possess finite k dynamical insta-

bilities.

For any given set of parameter values, it is straightforward to check to see if there are
any finite k instabilities: Eq. (2.5) gives an analytic expression for the entire spectrum.
On the other hand, it is a difficult task to produce a closed form expression for when a
finite wave-vector instability occurs, and we have been unable to produce a particularly

enlightening expression (except for when when A, = 0).

2.3 Effect of non-zero \,, and \,,,,

We have seen that in the absence of \,,,, and A,,, there is no stable ASE, and the metastable
ASF always has larger energy than the MSE Hence there is no MSF«>ASF phase tran-
sition. We now show the existence of a continuous MSF<«>ASF phase transition when
Am > 0. To produce such a continuous phase transition it is necessary and sufficient to
show that there exists a stable ASF, with arbitrarily small atomic fraction, at the point
the MSF becomes destabilized. In the presence of a non-zero A,, and A, figure 2.2(b)
represents the generic structure of & two minima at A, and A; and a maximum at A;. In
terms of dimensionless parameters y = Am\/n_/z /8¢ and 1 = )\am\/n_/Z /2g, A, 3 appears
at x = ¥1 when  + 2y — n = ¥1, where the upper signs correspond to A, and the lower

signs correspond to Aj;.

The compressibility at x = F1when A, ; first appears is proportional to 16ay—(1¥2n)>2.
So neither ASF is stable if y = 0, i.e., even when A,,, # 0, a continuous MSF<>ASF phase

transition cannot exist if A,,, = 0.
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The curvature (H,,) at x = ¥1 when A, ; first appears is proportional to +1+2(a+y -
). At A;, Hg oc —x is negative, and therefore A? o< H,, Hg; is negative whenever H,, >
0; i.e., Az is always either dynamically or thermodynamically unstable against pairing
fluctuations. The dynamical instability of A; even when H,, > 0 can be understood as
instability against fluctuations in &, i.e., in the x — § plane, the energy has a saddle-point
at A; (recall that 4§ is the relative phase between the atomic and molecular components).

At A,, however, H,, > 0 is equivalent to A? oc H,,Hg > 0.

When the atom-molecule scattering vanishes (n = 0), the stability conditions at A,,
viz. Hy, > 0 and du/on > 0 are simultaneously satisfied if and only if y > 0 and 16ay > 1.
Thus there exists an MSF<«>ASF continuous phase transition when A,,,, = 0 if and only if

Ao\, > 2g% and A, > 0.

The general criterion for the existence of a continuous MSF<«>ASF phase transition
when A\, # 0, As,, # 0 can be worked out in the A, — A, space from the conditions

l6ay > (1-2n)?and1+2(a+y-n) > 0.

2.4 Stationary States (fixed chemical potential)

Working at fixed chemical potential (and taking A,,,, = 0), there are two type of stationary
points of Eq. (2.1); an MSF: ¢, = 0, ¢2, = (2u — €)/\, and an ASF: N\, A, 43, + (A, (e -
2u) = 2¢%)om + g =0, d2 = (L — 2g¢m)/A,. The ASF equation has three solutions, one
of which can be ruled out on the basis of having a negative density (the topmost dotted
line in figure 2.3). Stability analysis is done for both ASF and MSF states by considering

fluctuations in ¢,,, ¢}, ¢, and ¢}, analogous to Eq. (2.5). The corresponding dynamical
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FIGURE 2.3: Stationary points of F, calculated with A,,, = 2A,. (a) For &€ = —4 (below the
tricritical point), as v is increased from a negative value to 0, first the MSF turns stable,
and then there is a continuous phase transition to the ASF (the thick gray line, which is
the stable state with the lowest free energy, is continuous), which appears and becomes
stable. (b) For € = -2 (above the tricritical point), the ASF turns stable before the MSF
becomes unstable, and there is a discontinuous phase transition when their energies are
equal (thick gray line is discontinuous). (c) Finally, for € = -1, a stable ASF appears first
from vacuum, and it has the lowest energy throughout; so there are no further transitions.

equations are

1
i0;0y, = (—%VZ - p+2X, |\|/a|2) Sy,

+ (NaWh +2gWm) S + 2898y

10,0y, = (e —-2u - ﬁvz + 2\ |\|/m|2) Sy

(2.7)

+28YadVa + Ay, Sy,

In terms of dimensionless quantities ¢ = ¢, A\/g, 7 = A /Ao, € = €Xg/g?and v = ph, /g%,

the MSF solution first appears at 2v = € and is stable for v < (4 — 2\/4 — er)/r (where
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the dashed lines in figure 2.3 end). The two physical ASF solutions exist for v > v, where
4(e — 2v, — 2)3 + 27v2r = 0; one of them is always stable (thin solid line in, e.g., fig-
ure 2.3(b)), the other is stable for v > 0. The ASF«<>MSF tricritical point is obtained by
demanding that the two physical ASF solutions appear exactly when the MSF destabilizes.

Mathematically,
4(e-2v-2)+27v*r=0
@ +or(e—2v-2)+vr*=0 (2.8)
¢ -r(2v-¢) =0,

where the first equation is the condition for the appearance of physical ASF solutions, the
second sets ¢, and the third is the condition for the destabilization of the MSE. Solving
these three simultaneously gives the tricritical point v,. = =2/\/r and &, = -1 - 4/\/7;
r therefore uniquely determining the phase diagram. Coupled with n = 2¢2, = 2(2u -

€)/A\m, this yields the familiar result nA,\,, = 2g2.

2.5 Discussion

We have shown that a continuous ASF<>MSF phase transition can occur at sufficiently
high density in a Bose gas near a Feshbach resonance with repulsive molecule-molecule
interaction. This ASF does not, however, correspond to the phase currently studied in
cold atom experiments. The experimental “phase” is a saddle point of the free energy,

and always has a higher energy than the MSE

The most obvious route to studying this transition would involve first creating an
MSF (for instance, using the technique of Xu et al [147]), then slowly ramping toward
the resonance (making |e| smaller). As pointed out by previous authors [144, 145] the

transition could be detected by observing the behavior of vortices.
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We caution that this transition does not occur at arbitrarily low densities, nor in the
absence of molecule-molecule scattering. Estimating A, ~ 4nh?a,/2m far from reso-
nance, and using g* ~ (4nh*/m)a,,AuAB as in [152], we see that in current experi-
ments [47, 49, 147] use samples which are too dilute to observe the transition. Increas-
ing the density further is made problematic by three-body relaxation [153]. In fact, esti-
mating the time scale of three-body recombinations[154] to be T3.poay ~ m/hatn® with
as = h/\/me. (e, being binding energy for the transition) and n = 2g?/A,\,, already gives
T3pody ~ 107%s. Quantum interference effects can drastically reduce this decay rate, but
only at particular binding energies set by the locations of Effimov states [154]. We fear
that one would need particularly fortuitous circumstances for these interference effects to
provide sufficient reduction in the decay rate. Using a photoassociation transition in lieu
of Feshbach resonance may provide enough control over the parameters of the system to

avoid these difficulties[155].
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CHAPTER 3
EQUATION OF STATE OF SPIN-POLARIZED FERMIONS

This chapter represents unpublished work. Some of the results have been presented in

[156].

3.1 Introduction

Here we address the equation of state of the T = 0 normal state of a two-component
spin-polarized Fermi gas. This equation of state is directly observable in experiments by
measuring the densities of the two species as a function of position in a trap. In 2006,
two groups loaded a trap with spin-polarized mixtures of 6Li in the two lowest hyperfine
states [74, 125]. The MIT group [126, 157] observed a “three-shell structure” with a fully
paired superfluid (SF) core, surrounded by a “paired superfluid”; surrounded by a fully
polarized normal fluid. Here we will try to calculate the phase boundary between a paired
SF and a polarized normal fluid. The following calculation is at T = 0 and will mostly be
at unitarity, i.e., |as| > oo, but it is straightforward to extend it to a finite a, (two-particle

scattering length).

We find that a spin-imbalanced mixture of up and down spin Fermions becomes com-
pletely polarized at pu, < —0.9u;. We also find that such a mixture becomes dynamically
unstable for n;/n; > 0.006. Neither of these numbers agree with experimental findings
except for the order of magnitude, and both discrepancies can be traced to the over-

estimation of interaction effects in the Noziéres Schmitt-Rink formulation.

The structure of this phase is still debated, i.e., whether it is simply a homogeneous mixture of SF and
normal fluid, or whether there are other novel phases (such as FFLO) hidden there.
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3.2 Formulation of the free energy

As a function of population imbalance, there is a phase transition between a BCS-paired
superfluid phase and the normal phase. At sufficiently low temperature, this transition is
first order, as shown in appendix B. We calculate the free energies of both the phases, and
the phase boundary is the manifold on which they are equal. We begin with the polarized
normal phase. For a Hamiltonian of the form

H = pz; ePC;,oCP,O Y p;q CL+q/2,¢ Cip+q/z,¢C—P’+<1/2,lcp’+q/2,T 3.1)

the interaction correction to free energy (Q is approximated by[13]

— (3.2)

W | =

AQ = -

N | —

where Q) is defined by
e P = Ty o BH (3.3)

This approximation is valid in the dilute limit on both sides of a Feshbach resonance (a; -
+0 or |askg| < 1). We do not expect this approximation to be quantitatively accurate in
the strong coupling limit (-1 < 1/askg < 1), but as a function that interpolates between
the exact BEC and BCS results, we might expect AQ to be off by at most a small factor
near unitarity. The dashed lines are interaction lines, and the usual Feynman rules apply.
For the form of our interaction, the inner and outer Fermion lines must have different

spins. To evaluate this series, we define a scattering matrix I as

I=

! Do
T N
1 ! 1
i P

+

(3.4)

1
+
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where the top and bottom Fermion lines have opposite spins. The change in free energy
AQ is given by[13]

20 =3 [ ave(v)[3(,v) - 5(g,0)]
4 (3.5)

5(q,v) = argI'(q, v)

where g(v) = (ePY —1)7! is the Bose-Einstein distribution function.

It turns out that I is a function of only the sum of the incoming momenta and fre-
quencies, and in particular if the incoming momenta are (p + q/2,-p + q/2) and the
outgoing momenta are (p’ + q/2,—p’ + q/2) (where p = (p, iw,)), then the scattering
matrix is given by

-U
F(P*‘J/2>_P+‘1/2apl+‘1/2’—P'+4/2)EF(Q)ZW (3.6)

where © is the two-particle propagator

1= f e+ 20) - f(es-m+ %) L} (37)

e%+k+e%_k—ivn—pl—pT+Zl+Z¢ 2ex

O(q,ivy) = Ek:{

and X, is the self-energy of a spin-o particle. The subtraction of the divergent term in

equation (3.7) follows from the relation between the scattering length and U,

4mag 1
+ )y — (3.8)
mV L 2ex

U-=-

3.3 Calculating the scattering matrix

Calculating I' is hard because the self-energies depend on I’, and have to be determined
self-consistently. For our first approximation; we fix the self-energies to their values at
w =0and k = k. At T = 0, the combination p, — Z, can be related to the population by

S = Mo~ 3 o(kg) and kg = (67[2110)1/3 (3.9)
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so that the scattering matrix I' is

4n 1

- . 3.10)
mVkg (akl)” +6(4) (

I'(q) =

where @ is ® in a dimensionless form. At T = 0 we find an analytic expression for equa-

tion (3.7), finding that the result depends only on the magnitude of q and v,

&(4,7) :% [2mil - 2(1+ )]
: [%(1q2+c2+qc—1)log(w)

Com|g\4 G+20+2
1/ . 1. G-20+2
|1 _ =2 2)1 1 =~ =
+q( +qC- 1 ¢ Og(q—zc—z) (3.11)
Ll o 2) q+20-2r
+cj(4q +E+40-rJlog q+2C+2r
1(, ., 1, 2) §-20+2r
- L@ - )log 4251
+q(r +gQ 24 ¢ |log T
where
PO ST A (=942 (14r)- L3 (3.12)
k;’ k;) (k;)27 2 4 .

When p, — 2, < 0, we take kf = 0. The normal fluid is stable above some critical polar-
ization, i.e., below some critical 7. Remarkably, the (modified) Thouless criterion for a

pairing instability,
1
ask!

is first satisfied for a finite g, at r. = 0.42 at unitarity. This, however, corresponds to a

0(4,0) + =0 (3.13)

spinodal, and this instability is preémpted by a first order transition at some r < r..
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3.4 Calculating the self energies

The self energies in (3.7), which relate k¢ and p, according to (3.9), can be written down

for the form of interaction (3.1) to be

= lZZr(kﬂl, Wy +i0,)G_5(q, iw,) (3.14)

Y5k, iwy,) =
B q iwy

where G_, is the Green’s function including the self-energy,

1

Wy — €q+ oo — Z_5(q, iw,)

G 4(q iw,) = i (3.15)

So the self energy has to be determined self-consistently. We again use our previous ap-
proximation, i.e., we fix the self-energies to their static values at the Fermi momenta.
The Matsubara sum in (3.14) can be converted to a contour integral, and is evaluated in
appendix H. The results are shown in figure 3.1. Of particular importance is the r = 0
point in figure 3.1 (right), which tells us that the down spin density vanishes when p; »
-0.912y;. Experimental data[126] shows that p; ~ —0.5u; when n; = 0? This discrep-
ancy is not surprising, given the difficulty of modeling the correlations in this strongly

interacting gas, and later in the chapter we will discuss possible remedies.

Up spin self energy at w =0, k::kFT 05 Down spin self energy at w =0, k:kﬁ

T(k i ao)/ﬂ"[
= (kg ,0)/ s

-0.04

0 kFi /k; 045 "0 k,bf /kII 0.45

FIGURE 3.1: Up and down spin self energies as functions of r computed from eq. (H.4).

*Monte-Carlo simulations point to y, ~ —0.6; at vanishing n [158, 159].
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3.5 Calculating the T = 0 free energy

We now calculate the free energy Q = Q, + AQ. The noninteracting energy Q, for a

normal fluid is
e_ﬁQU = H (1 + eﬁ(ek_l‘lﬂ))
K

which at T = 0 reduces to
5
Qo Q) +0p (ki)

A% A% 30mmn? (1+ 75)

(3.16)

One can prove from equations (3.6) and (3.7) that 6(q,0) = 0. At T = 0 the Bose function
in (3.5) contributes —1 for v < 0 and 0 otherwise. Scaling out the dimensioned quantities

from eq. (3.5) we get

AQ 1 (le:)5 e 2d 0 dod
-~ VB , 1
V. 2 m fo 1 qf—oo ©d(q, @) (3.17)

The phase shift is non-zero only if  as defined in (3.12) (with ¥ replaced by w) is positive,

hence both the g and w integrals are compact, with

kL) a0
&_L( r) / * qqufo dwd(q, w)

vV 2t m Jo L(1+12)
(3.18)

, V2(1+72) 0
_, 3omn (%)=—(1+r5)+§f qquf dwd(q, ©)
(k) \V i o

where Qy is the total free energy of the normal phase. For the fully paired superfluid
phase at unitarity, the free energy is known exactly. Dimensional analysis forces it to

have the form

Q 1 m 32
S 5/2
= | = Hy + 3.19
\% 15T[2(1+[3) (ks ) (3.19)

The universal parameter { is found to be B » —0.545 from QMC calculations [160] and

B ~ —0.41 using mean-field BCS theory. Q/V and Qg/V are plotted® in figure 3.2 as a

*Since Qy is know in terms of k§ and Qg is known in terms of y,, this is not very straightforward. We
vary r = k% / k; in the range (0,0.42) and calculate Qy from (3.18). To calculate Qg according to (3.19), we
first calculate py and p; from (3.9) and figure 3.1. All the free energies in figure 3.2 appear double valued
over some range, because y, /(s — y; ) is non-monotonic in r.
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function of p; the scaling factor p; — y, is constant throughout a trapped gas in experi-

ments.
a : : + : :
o | | ° | |
£ O b R A R I IR -
3 ! : A= M
g —— — e | 3
P ®—e—® Non-interacting, normal phase| =< = ; a
. — : ;
3 A—A—4 nteracting, normal phase é‘ 3 2, N
&, ol|™ ™™ Superfluid phase (BCS) S | Aa .
- I N I L' 2 J """"""" T
= *—*—  Syperfluid phase (QMC) g A
X ; ; % A
= SB[ R R SNl
~ f f v o= :
G ® o oo o oo o o o o cooe
Ry R ARG s AA%,,
3 3 3 oA
: : ya " *
T p— e T TR— f
4 ; ; ; ;
-0.495 -0.490 -0.485 -0.480
“¢/<“T_“¢)

FIGURE 3.2: Free energy plots; the normal phase seems to always win.

Within our approximations, the SF phase always has higher energy, and we conclude
that the T-matrix approximation underestimates the energy of the normal state. One
can get an upper bound on the normal state energy by neglecting interactions, in which
case the SF phase has a lower energy after some point (figure 3.3). With interactions, the

normal state becomes mechanically unstable before reaching that point.

To investigate the mechanical stability of the normal state, we calculate the compress-
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FIGURE 3.3: Free energy plots for the non-interacting model. The green curve provides
an upper bound for the energy of the normal state. The SF wins after some point.

ibility matrix oy/on,
ou % %
ny n,
— = 3.20
on | o ow (20
anT 8n¢

This matrix ceases to be positive definite for k}/kl, > 0.184 as shown in figure 3.4 (right).
The polarization of this instability corresponds to the density ratio n;/n; ~ 0.006, which

is much smaller than the experimentally observed [126]

ny
— ~0.13
ny

This discrepancy highlights a major problem with the T-matrix approach.
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FIGURE 3.4: Left: The down spin compressibility (dy,/dn,) < 0 after kj/kl ~ 0.265.
Right: Eigenvalues of the compressibility matrix o[p]/d[#n]. One of the eigenvalues be-
comes negative after ky/k} ~ 0.184.

3.6 Concluding remarks

A naive calculation without self-energies suggests that the down-spin density vanishes
at gy /py = 0, while a self-consisten self energy calculation suggests that it vanishes at
W/ ~ —0.912; the experimental value of ~ —0.5 is somewhere in between. Further,
another naive calculation without interaction effects (figure 3.3) gives a reasonable value
for when the SF phase has a lower energy, i.e., the radius of the SF core is predicted to
be non-zero, while this calculation with interaction effects (figure 3.2) says that the SF
phase never wins. And finally, this calculation predicts a dynamical instability at a very
low polarization (figure 3.4, right), which is not seen in practice. All three artefacts can
be traced to the over-estimation of the attractive interaction; the self-energies calculated

from eqs. (H.4) are simply too negative to match experiments.

The approximation of replacing the self-energies by their values at the Fermi surface
is not too bad, since it is seen that they vary only by a few percents over the entire mo-
mentum range. On the other hand, a static approximation for the self energies, i.e., using

their values at w = 0, is not all that good, since they do vary considerably with w. On the
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SF side, however, this static approximation gives excellent agreement with experiments at
unitarity([161, 162], hence it is not very obvious that including the frequency dependence

on the normal fluid side will solve all our ills.

This discrepancy can be marginally improved by adding effective mass corrections.
The curvature of X,(k,0) versus k gives an effective mass correction Am, where the
effective mass m* = mAm,/(m + Am,). Adding this to the scattering matrix calculation

yields p, = —0.85;, which is slightly better.

Some theorists have suggested, based on earlier work on superconductors, that dress-
ing both up and down spin propagators with their respective self energies does not cap-

ture interaction effects accurately [163]. Instead, one should use
®(K) = Z GOG(K - P)Gfo(P)
P

Since were working at vanishing down spin density, our approach automatically boils
down to the case 0 =1, which clearly does not yield an accurate results, and it’s not obvious

why one should use o =]. Symmetric extensions of this idea, such as
1
O(K) = 5 [01(K) + ©,4(K)]
®1,(K) = 3, Go1(K-P)G,(P)
P

0,1(K) = > Goy (K~ P)G(P)
P
have also been proposed [164], although justifying such a choice starting from the equa-

tions of motion is not straightforward at best.

It is interesting to note that a non-self consistent calculation, i.e., using bare propa-
gators to evaluate ©, yields u;, = —0.6p; [165], which is close to Monte-Carlo simulations
[158, 159]. This is effectively a summation of a subset of diagrams, and the choice of this
particular subset is hard to justify, especially in the absence of small parameters near

unitarity [166].
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CHAPTER 4
SURFACE TENSION AT A SUPERFLUID-NORMAL INTERFACE

This chapter represents the author’s contribution to “Theory of the Normal/Superfluid
interface in population imbalanced Fermi gases” by Stefan K. Baur, Sourish Basu, Erich ].
Mueller and Theja N. De Silva [156]. The article has been recently accepted for publication

in Physical Review A.

4.1 Introduction

What happens when one tries to polarize a fermionic superfluid? Experiments at MIT
[3,125, 157] and Rice University [2, 74] have shown that when the fermions are interact-
ing via resonant short range interactions, the fluid responds by phase separating into
a largely unpolarized superfluid region and a less polarized normal region. The Rice
experiments[2, 74] show a dramatic distortion of the central superfluid region in their
trapped gas, pointing to significant surface tension in the boundary. In § 4.3 we present a
phenomenological model for this boundary to estimate the magnitude of surface tension

necessary to match experiments.

The phase separation seen in these experiments arises because a zero temperature
conventional s-wave superfluid is unable to accommodate spin polarization: all of the
atoms in one spin state (1) are paired with atoms of the opposite spin (|). Changing
the density ratio ny/n; from unity requires adding sufficient energy to break these pairs.
Consequently, when excess particles of one spin state are added to a paired atomic cloud,
those particles simply float to the “surface” at a lower chemical potential, forming a nor-
mal fluid. Given that there is a sharp boundary between the superfluid and normal region,

the order parameter must vary rapidly, producing a surface energy. This surface energy
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“barrier” is the microscopic cause behind surface tension. In § 4.4 we present a micro-
scopic BCS-like model with point interactions to calculate this energy barrier and hence

the surface tension.

It is worth noting that the work presented in the rest of this chapter is a slice of a
longer paper [156]. The interested reader is advised to check it out for a more detailed
description, including solutions of the Bogoliubov-de Gennes equations at an interface,
and the effect of order parameter oscillations. The portion presented in this thesis is the
author’s contribution to [156]. Work presented in § 4.3 was done in collaboration with

Stefan Baur (first author of [156]), while § 4.4 is entirely the author’s original contribution.

4.2 Experimental data

Experiments at Rice [2, 74] were done with an extremely elongated cigar-shaped trap of

aspect ratio of 45, and as such the effect of surface tension is very striking in the data. The

FIGURE 4.1: Experimental two-dimensional column densities (black denotes high den-
sity) for P=0.6, with majority atoms (1) at the top, minority atoms (}) in the middle, and
their difference at the bottom. The superfluid core, which is where all the |-spins are, has
a significantly different aspect ratio. The sensor is 512 pixels long (X-axis) by 40 pixels
wide (Y-axis), where each pixel is 3.23 um. Data used from [2], with permission.

experimentalists took ~ 150, 000 SLi atoms in an equal mixture of the two lowest hyper-
fine states, |F = 1/2, mg = £2). Then using an RF ramp, they spin-polarized the mixture

to different values of P = (N = N|)/(N; + N, ). The system was allowed to equilibrate at
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FIGURE 4.2: Very similar data to figure 4.1, except P=0.37. The difference in the aspect
ratios is not as striking at this lower polarization. Data used from [2], with permission.

T <« T and 834 Gauss, where the two states have a 300 Gauss-wide Feshbach resonance.

The 2-D densities were imaged optically (shown in figures 4.1 and 4.2).

At unitarity, the only relevant length scale is the interparticle spacing n~"/3, which is
~ 1 um. This is much less than the extent of the cloud in either direction, so local density
approximation (LDA) should be quite good at predicting the spin densities as functions

of the local chemical potentials,

m
Wy (7, 2) = 1y, (0,0) — 7(“’3”2 + w3z?)

where z is the long axis of the azimuthally symmetric trap. By this logic, isopycnal con-
tours should follow equipotential contours, which clearly does not hold for the |-spins in
figures 4.1 and 4.2. This points to some surface tension between the superfluid core and

the normal shell.

4.3 Phenomenological model

To construct a phenomenological model of surface tension, we assume that the zero tem-
perature population imbalanced atomic system is phase separated into two regions: a cen-
tral superfluid core surrounded by a normal shell. We take the normal state to be fully

polarized (with n;, = 0) and the superfluid state to be fully paired (n; = n;). Although
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this is an approximation, the experiments at Rice[2, 74] are largely consistent with this

ansatz, first introduced by Chevy [124].

We restrict our discussion to unitarity, where the physics is universal and the super-
fluid and surface energy densities between the superfluid and normal regions have simple

forms. The equation of state of the central superfluid shell is given at T = 0 by

1 2
ns(p) =np+ny = ﬁ[anmH]m (4.1)

where p is the average chemical potential and {3 is a dimensionless universal many body
parameter [112, 167-169]. According to quantum Monte-Carlo calculations p ~ —0.58

[160, 170-173] while BCS theory gives p = —0.42. The outer fully polarized normal shell

obeys
3/2
1 | 2mp,(r)

a\l) =M =—"— |5 . 4.2
na(¥) = my 672 [ B2 ] (4.2)

The free energy densities of the bulk phases f; , = — [ 1, ,d can be written as

2 (2m\. s,

fs,n(r) - _@ (ﬁ) s,nMs,n (l’) (43)

where {; = 1/(1 + B)%?, {, = 1/2. Then we calculate the total bulk energies Qgn =
/., /n @t fon[(r), h] by integrating the bulk energy densities over the superfluid/normal
regions. The surface tension has dimensions of energy per unit area, and since at unitar-
ity the only energy scale is #21%/m and the only length scale is n-'/3, the surface tension

o must be, by dimensional analysis,

~ h2n3/3

2m

o n(8P/P) (4.4)

where the dimensionless parameter ) is a function of the pressure drop 8P across the
interface. In the experiments, §P/P <« 1 [174], so we approximate n(6P/P) by n = n(0).
We calculate the total surface energy Eg, = [ d?ro[p(r), h] by integrating the surface

energy density over the superfluid-normal boundary. Away from the superfluid-normal
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boundary, we assume that the system is locally homogenous and the external harmonic
trapping potential Virp(r) = b, p? + b,2% = mw2(A?p? + z?)/2 is treated in the LDA by

introducing a local chemical potential p(r) = po — Virap ().

We make a completely general ansatz for the domain wall, only assuming rotational
symmetry about the long axis of the trap. We parameterize the boundary in terms of

coordinates f and 6, which are related to the cylindrical coordinates p and z by

p(0, f) = RrefcosB

z(0, f) = ZrgfsinB

(4.5)

where Rrr = \/Wo/b1, Z1r = \/Ho/b.. The boundary is described by the function f =
F(0). As shown in appendix A, the two-dimensional integrals for the free energy can

then be simplified to one dimensional integrals, which can be performed numerically.

The optimal shape is found by minimizing the free energy functional Qr = Qg+ Qy +
Epw on the space of functions F(0) at fixed N; and N. The constraints are imposed using

Lagrange multipliers. We expand F(0) as

F(0) = i a, cos(2n0) (4.6)
n=0

which is compatible with the boundary conditions imposed by the symmetry of the prob-
lem, F’(0) = F’(mt/2) = 0. We truncated this series at a finite number of Fourier com-
ponents N, and numerically minimized Qr with respect to ag, gy, . . ., an,. We find that
we need to include more terms in this series when n is larger, but for all values of n, the

profiles become insensitive to N for N > 15.

In figure 4.3 we plot the boundary F(0) that minimizes Qr for different values of 1.
The boundary becomes almost insensitive to 1 for high surface tension. This behavior has
two sources: (i) For large n the ends become increasingly flat, so surface tension plays an

increasingly insignificant role, (ii) the edges along the minor axis touch the edge of the

52



FIGURE 4.3: Experimental two-dimensional column densities (black denotes high den-
sity) for P = 0.38 with theoretically calculated boundaries for different surface tensions
1 (fixing the number of particles to be constant). Top: majority atoms N; Bottom: mi-
nority atoms N;. The dotted line is the ellipse with semi-major and semi-minor axes
Zrr and Rrp respectively, while the solid line is the superfluid-normal boundary in the
presence of surface tension. As 1) is increased, the superfluid-normal boundary deforms
from an elliptical isopotential surface, but the boundary becomes increasingly insensitive
to surface tension with increasing n. N, = 15 Fourier components were chosen for equa-
tion (4.6). Data corresponds to Fig. 1(c) in Ref. [2], used with permission. Data outside
of an elliptical aperture has been excluded. This truncation of the data leads to a slight
discrepancy in P compared to the value quoted in [2]. Each panel is 1.4mmx0.06mm,
and shows the true aspect ratio of the cloud.

majority cloud, at which point the superfluid-normal boundary changes to a superfluid-
vacuum boundary and surface tension ceases to be important. Due to this “saturation” of
the boundary shape with high n, and the difficulty of defining the boundary from noisy
2-D data, we find it convenient to follow references [174, 175] and find n by fitting our
theoretical model to the 1-D axial densities, defined by n%ﬁ) (z) = [dxdyny (x,9,2). As

illustrated in Fig. 4.3, we improve signal to noise by excluding data outside of an elliptical

window?!

"We discarded all data outside of an ellipse which was chosen so that by eye only pixels with no par-
ticles in them were excluded. The ellipse was chosen independently for each spin state and each data set.
This windowing increased the signal to noise while reducing significant systematic biases due to the back-
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FIGURE 4.4: To pick the “best-fit” n, we fit the theoretical axial density difference to the
experimental one from [2] correponsing to P = 0.38. x? is defined in equation (4.7). The
data has been elliptically windowed as in figure 4.3. n = 2.83 fits this data best.

We define a cost function x?(n) as

1
M

M=

() = 12 2 [ (i (Zm) = 1 (Zm) )+ (1 (1, 2m) = 1 e (,2) )] (47)

1

3
i

where M is the number of pixels in the z direction, and z,, is the position of the m™ pixel.
We choose the n that minimizes this x*. Other fit measures, such as using 3, (1§ expe (2
Mg theor (N> Zm) )* give very similar best-fit n-s. We find that n ~ 3 gives an axial density dif-
ference profile most closely matching the experimental density from Ref. [2] for P = 0.38
and P = 0.63. As seen in figure 4.5, the overall quality of the fit is quite good. There
are however distinct differences between the predictions of the model and the observed

profiles. These can largely be attributed to trap anharmonicities which we did not model.

We also believe that the 6P dependance of n may be important for capturing the ex-
act shape of the domain wall. Generically one would expect that this dependance would

reduce 1) at the ends of the boundary, increasing the curvature of the end-caps and mak-

ground. For example by this measure the P = 0.39 data has N; = 155,000, N, = 68,500, while without
windowing Ny = 166,000, N, = 88, 000.
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FIGURE 4.5: Axial densities. Symbols: experimental one-dimensional ®Li spin densities
and density differences for P = 0.39 (N; = 155,000, N, = 68,500) (left column) and P =
0.63 (N; =123,600, N, = 28,000) (right column), from Ref. [2], with permission. Lines:
theoretical curves for | = 2.83, taking a cigar shaped harmonic trap with small oscillation
frequencies w, = (21)7.2Hz and w, = (27)325 Hz. Oscillations in the density difference
within the superfluid region are artifacts of our ansatz (4.6). To minimize noise, only
experimental data inside an elliptical window was considered (see text). This aperture is

visible in figure 4.3.
ing a smoother axial density. This effect would also lead to an apparent polarization and
number dependance of n. Finally, we found some sensitivity to how we treat the back-

ground in each image. For example, if we fit the axial density difference at P = 0.6 without

windowing the data, we find that n = 1 provides a better fit.

Since they are based upon identical models (just using different ansatz’s for the bound-
ary shape), the quality of our fits are very similar to the ones found by Haque and Stoof

when investigating a large number of similar profiles [175]. Converting to our units,
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Haque and Stoof found n = 4.8 + 1.2. Their result is slightly higher than ours. We at-
tribute this difference to differences in fitting procedures (such as windowing the data)
and to modeling of the trap. Haque and Stoof used a more sophisticated Gaussian model

for the trap, while we assumed it was harmonic.

4.4 Microscopic theory

As illustrated on the left of figure B.1 in appendix B, at low temperatures there’s a dis-
continuous phase transition between the normal and the paired state, at which point the
free energy F (defined in (B.8)) is the same on both sides. However, (B.8) only holds for
a spatially constant A. At a normal-SF interface, A goes from a non-zero value to zero,
and this spatial variation adds to the free energy (B.8). In general, we can write the free

energy as a Landau-Ginzburg expansion in the order parameter A:
2
TF = / d’r [al IA(E)]? + 0 [VA(E) [ + a5 |[V2A(E)[ + -
4 6
Vi [A@)[ + y2 [A)] +- (4.8)
+ gradient terms of order higher than Az]
The terms with spatially constant A, i.e., a;, y1, V2, etc. are contained in (B.8). Here
we calculate the terms with coefficients a5, a3, etc. We neglect gradient terms higher
than O(A?), an approximation well-justified near the tricritical point. This approxima-
tion however introduces a significant error at T = 0. For the terms which are quadratic in
A, we go to all orders in the gradient. We will see that as the temperature is lowered, a,,

as etc. successively become negative and the system is stabilized by higher gradients. The

terms are readily read off from a path integral representation of the partition function.

We use a Hubbard-Stratonovich transformation (detailed in appendix C) on the usual

two-particle point interaction Hamiltonian. Taking the log of the partition function (C.14),
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we get the terms in the free energy that go as A?
= - Y x (W) [AK)P (4.9)
K

The term with coeffcient a; in (4.8) appears in both F in (B.8) and in F, above. To avoid
double-counting, we subtract the k = 0 (spatially homogenous) term from F,. In other

words, the free energy after adding F, to F is

Frotas = F - Zk:(X(k) - X(O)) |Ak|2 (410)

where we've freely switched between k and k because x(k) depends only on k, which
is the magnitude of k. The function x(k) is the static (v = 0) limit of the more general
two-particle propagator of equation (3.7), and is of general importance in the many-body
problem of the BEC-BCS crossover of spin-polarized fermions, such as T-Matrix approx-
imation schemes [176] and the finite-momentum pairing instability of the polarized nor-
mal phase to the FFLO phase [177, 178]. At T = 0, the integral in equation (C.15) can be
done analytically to yield the result in equation (3.11), of which we only need the static
part (since A is time-invariant). At finite T, the integral (C.15) has to be done numerically.
The normal state becomes locally unstable towards finite q pairing when the coefficient

of |Aq‘2 in equation (C.14) becomes negative, or

1
0)——=0
x(q,0) U

Above the tricritical point, this Thouless criterion locates the second order phase bound-
ary, while below the tricritical point it yields the spinodal of the first order phase transi-

tion.

Explicit expressions for the coefficients ay, a,, as, --- of (4.8) are found by expanding
x(q) in powers of g. The exact profile of A at the domain wall between the normal A = 0

and the superfluid A = A, can be found by minimizing Fi, of (4.10), where A(r) =
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Vol ™! >.q €97 Aq. Since we're interested in the surface energy of an interface with zero

curvature, we use the ansatz
Ao
A(r) = A(Z) = 7 (erf(4z/de) + 1) (411)

which goes smoothly from A(z - —o0) = 0 to A(z - o0) = Ay, and has the advantage
of having a tractable Fourier transform (so that Ay can be handled analytically). For a
given Bfi, we assume we're at the critical polarization (A, in figure B.1, left) for a discon-
tinuous phase transition between the SF and the normal phases, and calculate A, from
equation (B.5). Using our ansatz for A(r), we minimize Fyor, with respect to Wa,,, which

is a measure of the width of the domain wall. Figure 4.6 shows the resulting temperature

€
8.0 16.8 25.4 g F33.9 42.3 50.8 59.3

20 25 30 35

FIGURE 4.6: Width (W,,,) of the domain wall as function of inverse temperature (f3) at
unitarity, with parameters measured in terms of the chemical potential g and k3 = 37%n;.
The domain wall width diverges at the tricritical point around Bu ~ 2.0. Values of eg at
the top use eg = h2(3n2n, )23 [2m.
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FIGURE 4.7: Dimensionless surface tension n = 2k 2mn;, /

temperature 3, keeping different numbers of terms in the gradient expansion. Even with
the full x, we include terms up to O(A?) in the free energy. As temperatures goes to zero,
the solid line suggests n ~ 0.1. Values of Be at the top use e = h?(3m2n, )%/ /2m.

o as a function of inverse

dependance of the domain wall at unitarity. As can be seen, the domain wall diverges at
the tricritical point. Using the same notation as in appendix B, the superfluid density #;

is given by

2 - Bu sinhE,
= 2712( ) f dyy[ ( )coshEy+cosh[3h] (4.12)

using A = A,.

The surface energy of the interface for a given Wy, is found by integrating For1 (A(2))
across the interface in the z direction, which by definition is the surface tension o. Using
ns from (4.12), we evaluate | as defined in equation (4.4) for the optimal Wy, at each .

The result is shown in figure 4.7, which also shows what this surface tension would be if
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we expand x(q) to either quadratic or quartic order in g. This corresponds to truncating
(4.8) at a, or a3. While these latter approximations work well around the tricritical point,
they do not correctly describe the low temperature physics: both a, and a; change sign
at low temperature, and without the influence of higher order terms, the normal state
becomes unstable to a FFLO state, and the surface tension vanishes. Using the full , we
find that as T — 0, the dimensionless surface tension becomes n ~ 0.1. The discrepency
between this result and the best-fit n) from figure 4.4 can be ascribed, at least in part, to
the neglect of gradient terms higher order in A. While these terms are unimportant near
the tricritical point, as T — 0, A becomes large and these terms become significant. It is

likely that the kink in figure 4.7 is also a result of this truncation.
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CHAPTER 5
A “DILUTION FRIDGE” OF COLD ATOMIC VAPORS

This chapter presents unpublished work.

5.1 Motivation

We present a method of cooling a gas of cold Fermions, which is analogous to a tradi-
tional dilution refrigerator. This analogy is interesting in its own right; cold gas physics
is a direct descendant of low temperature physics. Further, we find the efficiency of this

cooling method to be comparable to that of evaporative cooling.

A conventional *He-*He dilution fridge, first proposed by H. London in 1951, works
by utilizing the latent heat of mixing of *He in *He [179]. The phase diagram of *He in *He
is illustrated in figure 5.1 (left). There is a first order transition between a *He-rich phase
and a *He-poor phase. Consequently, at low temperatures a mixture of *He and *He phase
separates into these two phases. This phase separation is analogous to a half-filled flask
of water; the lower half of the flask is rich in water and poor in air, whereas the upper half
is rich in air and poor in water. When a water molecule evaporates from the water-rich
phase to the water-poor phase, it crosses a first-order phase boundary and absorbs some
latent heat, cooling the fluid near the phase boundary. The *He can be considered to be
a “vacuum” for 3He atoms; whenever a 3He atom “evaporates” from the *He-rich phase
to the *He-poor region at a fixed temperature (right to left across the phase separated
region), it absorbs latent heat and cools the *He-rich phase, as well as anything in contact
with the fluid. Figure 5.1 (right) illustrates the geometry of a dilution refrigerator based

on this effect.
The entire bottom portion of the tubing in figure 5.1 (right) is filled with “He, and *He
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FIGURE 5.1: Left: *He-*He phase diagram at standard pressure. Right: Schematic of a
traditional dilution fridge. Progressively deeper shades of red indicate higher *He tem-
perature, while deeper shades of blue indicate higher *He concentration.

is introduced into the mixing chamber. Since *He has a lower mass density; it floats on
the top, but some of it dissolves into “He, depending on the equilibrium percentage at
that temperature. A vacuum pump forces evaporation from the surface of the *He-*He
mixture in the still, illustrated on the right of figure 5.1. Since *He has a higher vapor
pressure by virtue of being lighter, it is preferentially removed. This depletes the *He-
“He mixture of 3He, which is then drawn into the mixture from the mixing chamber to
maintain the equilibrium concentration. This process absorbs energy (the latent heat of
mixing), cooling the mixing chamber and anything in contact with it. Such refrigerators
can reach temperatures of a few milliKelvins. The practical limit is set by heat loss due to

recycling the *He from the still to the mixing chamber.

One key fact that allows this setup to work is the non-zero concentration of *He in
the 3He-poor phase (the *He-*He mixture) even at T = 0. This means that no matter how

low the temperature, there is always a non-zero flux of *He into the mixture inside the
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mixing chamber, and therefore a non-zero cooling rate.

The phase diagram of a *He-*He mixture is topologically identical to the phase di-
agram of a spin-polarized fermi gas (figure 5.2), with the excess up-spins playing the

role of *He, and the pairs playing the role of “He. Consistent with this picture, clouds

T
s

Normal

Temperature (T/T_,)

Superfluid

0.1 + /Trlcrltlcal point

o Unstable
0.0~ O
T T T T T T T T 1
0.0 0.1 0.2 0.3 0.4

Spin polarization

FIGURE 5.2: Phase diagram of a spin-polarized fermi gas of °Li at unitarity, courtesy Yong-
il Shin [3]. This is topologically identical to the 3He-*He phase diagram in figure 5.1. We
will see that unlike this picture, there exists a partially polarized superfluid phaseat T = 0
on the BEC side of a Feshbach resonance.

of spin-polarized Fermi gases display a fermion-poor superfluid core and a fermion-rich
normal shell with a polarization and density discontinuity at the boundary (see, e.g., fig-
ures 4.1, 4.2 and 4.3). Due to this analogy with *He-*He mixtures, one would expect that
if one could drive a flux of fermions from the normal to the superfluid phase, the latent
heat of mixing would cool the boundary. The value of this cooling technique is that one
would expect it to continue working at very low temperatures, even below those at which

evaporative cooling becomes impractical. Here we evaluate the feasibility of this scheme,
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proceeding in three steps. First, we generate the phase diagram for a polarized Fermi
gas. Second, we need to calculate the latent heat of mixing, both to find its magnitude
and sign. Third, we estimate the “efficiency” of this cooling, i.e., the fractional decrement
in temprature achieved for some fractional loss of particles (analogous to the pumping
of *He from the still). Additionally, we develop a protocol for implementing the cooling

scheme.

5.2 Phase diagram

Deep in the BEC phase, a spin-polarized fermi gas can be modeled as a mixture of fermions
and bound molecules, or bosons, with the Hamiltonian
H =Y (ex = up)Wpvi+ (B — ) ol

g ‘ (5.1)

+ £ V0L 0L gt D 0L WL v b
where v is a fermion operator and ¢ is a boson operator. Since the fermions are spin-
polarized and the interactions are short-ranged, the Pauli exclusion principle forbids any
direct interaction. Deep in the BEC phase, the couplings constants are related to the
scattering lengths as gy¢,pb = 472 dpg b/ Mo,pp Where mye = 2mpm [ (my, +my) and myy, =
my. By solving the three- and four-body problems one finds that the fermi-bose and

fermi-fermi scattering lengths in this limit are ap, = Apa = 0.6a [170, 180] and ays =

Afa =1.2a [181] where a > 0 is the atom-atom scattering length.

We need to calculate the free energy of this interacting Bose-Fermi system. In the di-
lute limit na® << 1, there are a number of candidate mean-field theories we can use for this
calculation. Even for the simpler case of interacting bosons, there is a zoo of approaches

such as Hartree-Fock, Bogoliubov, Hartree-Fock-Bogoliubov, Hartree-Fock-Popov, etc.
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However, in this case, we're interested in the low temperature thermodynamic proper-
ties of the system, such as specific heat and enthalpy of mixing. For those properties, it
appears that that Hartree-Fock mean field theory yields results that are only marginally
improved by the more sophisticated theories [182]. Therefore, we will use a Hartree-Fock

approximation for the interacting bosons.

At temperatures below the BEC temperature for the bosons, a fraction of the bosons

will be bose condensed. In other words, the bose operators can be written as

dx = a8y + (1 Ok0) Pk

where a is a complex number and |a|” is the condensate density (without loss of generality,
we assume a is real). Introducing another mean field ne, = Y (cplt(pk) and neglecting
quartic fluctuations, the bosonic part of H becomes
8bb ;
Hyosons = —Hpa” + 70(4 + 3" (B — Mo + 280607 + 2gbbTex ) Of bk — Gob 112
K
in which a primed sum goes over all k # 0 states. Adding the fermionic part and the

bose-fermi interaction (treated within Hartree-Fock), the total Hamiltonian is
!
bb N B}
H = —pp® + %Oﬁ — gooiex — Goimtoty + Y (Bic— ) dpdi + - (e — fiy) Wi (5.2)
K K

where 1 = o + fex, f = 2y <\|J;r(\pk>, fHy = Uy — 28671y — Zoetp and iy = Wy — gpenp. This
Hamiltonian is diagonal in the operators, and hence the free energy per unit volume (A)

at finite temperature is straightforward to calculate:

A =(—pp + goeng)a’ + %a‘l - gon(np — a?)

g _ Zm; _ (5.3)
= 3z G2 (Ble) — 3 e B (Biy)

2

where F and G are Fermi-Dirac and Bose-Einstein integrals,

R - [ A ady G- [y (5.4)

ey *+1 ey * -1
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Although both the chemical potentials 15, y, and the densities n;, 1, a? appear in these
expressions, A should be viewed as a function of p; and p¢. The densities are mean fields,
which themselves should be viewed as functions of p;, and . These mean fields can be
defined in one of two ways, either the free energy should be stationary with respect to

their variations,

gaﬂ; Hb’}lf’nb’nf B 0 aanﬂ; Hln}lf:”f - 0 aaZ - O
HosHfshp
or that they satisfy the self-consistency relations’
oA 04
YT o, YT

While not completely obvious, these two sets of conditions are equivalent. Extremizing

A with respect to the condensate density, d.A/da? = 0 yields

1
a® = — (2gvb1p + ottty — Wp) (5.5)
Sbb

which is the usual Bosonic Hartree-Fock result with an extra gyen ¢ term accounting for
interaction with the Fermions. We adimensionalize the variables with the following sub-
stitutions: ny = x/a®, ny = y/ad, gur = 3naks/m, g = 2maky/m, Wp 5 = Vp,¢/ma* and
B — Bma?. Then in the presence of a condensate (a* > 0) the conditions 0.4/dny = 0 and

0A[dny, = 0 reduce to

1
X = WFI/Z [ﬁ(\/f - 31‘[Kfy)] =0
(5.6)
1 2
- 21\, (v = 3mApx) + 2R3/ G2 [B(Vb —4mApy - 3n)\fx)] =0

while in the absence of a condensate (a? = 0), such as above the BEC transition temper-

ature,
1
X - WFI/Z [B(vs-3mhsy)] =0
2 (5.7)
Y- 7'(2[33/2 Gy [B(Vb —4nhpy - 3T[)\fx)] =0

"Note that the condensate density still has to be determined by d.4/da” = 0, since there’s no “chemical
potential” for the condensate.
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These equations are nonlinear, and there is not a unique solution for a given yy, u, and p.
A major difference between the cold atom systems and liquid Helium is that the atomic
gases are highly compressible. Consequently, the relevant phase diagram is three dimen-
sional, in (s, s, T) or (np, ns, T), and we need to solve not one but two equations si-

multaneously to find the phases.

5.21 Zero temperature

AtT =0or B = +00, Gi(PVs) — 0 while Fx(Bvs) - (BVs)**/(k +1). For vs, vy < 0,
equations (5.6) are only satisfied by x = y = 0. In other regions, equations (5.6) generically
have three types of solutions, (i) x = 0, y > 0, or a Bose phase, (ii) x > 0, y = 0, or a Fermi
phase, and (iii) x > 0, y > 0, or a mixed phase. In the parameter space of v¢ and vy, the
Fermi phase coexists with the Bose and mixed phases over certain regions, resulting in
two discontinuous phase boundaries. The phase diagram is shown in figure 5.3. Even at
T = 0, the system has a mixed phase of bosons and fermions, analogous to the “mixed
phase” of 6% *He and 94% “He in figure 5.1. This means that if this system can be made

into a dilution fridge, cooling will be possible at arbitrarily low temperatures.

5.2.2 Finite temperature

At finite temperature, the dash-dotted line in figure 5.3 disappears, leaving only a phase

B F
FSmp

as shown in figure 5.4. Since the boson density (and hence v;,) required for bose conden-

transition between a bose-condensed phase B and a normal phase F, such that n

sation goes up with temperature, the phase boundary in figure 5.4 (and P, in figure 5.3)
moves upward with decreasing B. These lines are the finite temperature versions of the

dashed curve of figure 5.3. The solid curve between the origin and P, in figure 5.3 turns
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FIGURE 5.3: Phases of (5.6) at T = 0. P. = (8m*A}/3*A%,32m°A;/3%A%) and P, =
(2512 /7201, 25123 108A%). The dash-dotted line separating the bose phase from the
mixed (bose+fermi) phase is vy, = (2A,/3\ s) xv¢ and the solid curve separating the mixed

phase from the fermi phase is v, = 2!/2\ fv;/ ?/nt. The dash-dotted line depicts the triv-
ial phase transition between a Fermi vacuum and a Fermi sea, and disappears at T > 0.
The solid line, however, is a non-trivial second order phase transition associated with
the emergence of a pairing order; for T > 0, this curve turns into the second order BEC
transition curve, while the dashed line turns into the first order BEC transition curve. P,,
which shifts with changing temperature, is a tricritical point.

into second order bose condensation curves (not shown) in figure 5.4.

5.3 Latent heat

The free energy defined in (5.3) A = (E/V) — psns — wpny — T(S/V) can be related to
pressure using a Gibbs-Duheim relation:

A=-P

which means that the pressures on two sides of a norma-superfluid interface are equal,

which is expected; for example, in chapter 4 we argued that the pressure drop across a flat
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FIGURE 5.4: Finite temperature solutions of (5.6) and (5.7), zoomed in on the region of
interest. Solid lines here are the T > 0 versions of the dashed curve in figure 5.3, while
the solid curve between (0, 0) and P, in figure 5.3 turns into the T > 0 second order bose
condensation curve (not shown above). The lines correspond to different temperatures,
and separate a fermi-poor phase where some of the bosons are condensed from a fermi-
rich normal phase. At T increases ([ decreases), a higher boson density is required for
condensation, which is why the lines move upward in the figure with decreasing f.

interface is zero, because if it weren’t, the interface would move. However, when a fermion
is transferred from phase F to phase B, the entropy change is not the same on both sides

(exactly as in the *He-*He case). The resultant latent heat of mixing per fermion is given

by
9Q
N

0Ssk
ONy

] (5.8)
PT,N,

Since we want to keep pressure — which is a function of the densities and chemical poten-

P,T P,T,N,

tials — constant, evaluating this derivative is a lengthy exercise detailed in appendix E.2.

The resulting latent heat per particle is plotted in figure 5.5. The latent heat drops with
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FIGURE 5.5: Latent heat of mixing per fermion along the phase boundary, as per equa-
tion (E.12). The lines above follow the phase boundaries as defined by the correspond-
ing lines in figure 5.4, except that in figure 5.4 the f/ma? = 100 is almost on top of the
B/ma? = 50 line, and is therefore not shown. The latent heats extend over a large range,
and hence are presented on a log scale. We will see later that f/ma? = 10 is a plausible
operating point.

temperature, which reflects the expected trend that it becomes harder to cool as we lower

the temperature.
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5.4 Cooling efficiency

For any cooling technique that relies on loss of particles, it is customary to characterize

it by a cooling efficiency 1),
_ log[Tﬁnal/ Tinitial]
1Og[Nﬁnal/Ninitial]

or its differential form
AT/T
= — 59
17 AN/N 5.9)
Given that we're working in a two-component system, one has several choices for which
N to use in this definition; we use the total particle number, so AN/N = AN;/(N;+Ny).

A larger ) is better, as one wishes to cool as much as possible while minimizing atom loss.

To calculate AT, we need the specific heat,

S
Cp=T ==
P aT

PN/,N,
whose calculation is detailed in appendix E.3. If a fermion loss AN results in a temper-

ature change AT, then

dS
ANfxT — = CpAT
Nf P,T,N,

In terms of the functions @(x, y), ['(x, y) and k(x, y) defined in (E.12) and (E.19), we

N e L

We assume that the system stays in thermal equilibrium, so that the heat lost is distributed

arrive at

evenly throughout the normal phase. This then yields

Car/T By {[e+ il -[@+ 2]
n_ANf/N_ [®_F_Z]N

K

(5.11)

The cooling efficiency is plotted in figure 5.6 for each phase boundary in figure 5.5. For
comparison, a typical evaporative cooling efficiency is n ~ 4, while under optimal condi-

tions one can find 1 = 20.
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FIGURE 5.6: Cooling efficiency as defined in equation (5.9) and calculated by (5.11). As
expected, it becomes harder to cool as the temperature drops. Also, these numbers do
not include any loss mechanism other than pumping out the fermions.

Evaporative cooling (see appendix D.2) works by the expulsion of highly energetic
particles and the thermal equilibriation of the remaining cloud. In theory, an infinitely
large 1 can be obtained by letting only particles with energy ~ nkgT escape. However,
the fraction of particles expelled, ~ n'/2e™1, goes down exponentially and thus cooling
time goes up exponentially with n. In practice, particle loss due to inelastic collisions
always limits the cloud lifetime, setting a practical constraint on the maximum cooling
time. Thus, ) is limited by a competition between the loss of high-energy particles (that

result in cooling) and the loss of all particles (due to inelastic scattering).

The same factors which limit n for evaporative cooling will also limit ) in our scheme.

In other words, AN/N can be broken down into AN¢,oling/N + ANioss/N, where the first
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part results in cooling and the second part does not. So far, we've only calculated n due to
the first part. To calculate the second part, we note that for fermions deep in the BEC side
of resonance, the three main loss mechanisms are (i) background loss due to imperfect
vacuum around the trap and laser fluctuations, (ii) three-body inelastic collisions F + F +
F’ — F + (FF’), where F and F’ are fermions in different states and (FF’) is a bound
molecular state, and (iii) two body inelastic collisions such as (FF’) + F - (FF’)_+F or
(FF') + (FF’) - (FF’)_ + (FF') where (FF’)_ is a deeply bound molecular state. The
particle loss rate due to these processes needs to be compared with the pumping rate.
After estimating the maximum possible pumping rate in § 5.5, we will analyze how it

compares with inherent particle loss mechanisms (§ 5.5.1, 5.5.2 and 5.5.3).

5.5 Cooling geometry, or the nuts and bolts

FIGURE 5.7: Pumping scheme to achieve cooling. The solid arrows denote removal of
fermions from the superfluid (SF) shell in the center, while the dashed arrows denote
diffusion of fermions from the normal to the superfluid phase at the boundary. The blue
shading is the trapping laser, while the red shading, as will be explained below, is the
evaporating or pumping laser.

For the above-mentioned scheme to work, we need to selectively pump out fermions
from the superfluid region (figure 5.7), which lies at the center of the trap. It is noteworthy
that even without the mechanism we're describing, removing atoms may cool or heat
the gas, in part depending on the energy distribution of the particles removed. Close to

Fermi degeneracy, for example, all fermions have energies close to 3eg/5, so removing
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some has a minimal effect on the temperature. Far above Fermi degeneracy, removing

particles with € > kpT cools the gas while removing particles with € << kT heats it.

For pumping out fermions from the superfluid region, we propose driving a Raman
transition between |!/2, +1/2) and [3/2, +1/2) using two counterpropagating lasers at slightly
different frequencies. The two-photon momentum kick will be sufficient for expelling a

light atom such as °Li from the trap.

As we'll see in chapter 6, atoms (fermions) and molecules (bosons) can be spectro-
scopically distinguished due to the binding energy of the latter, and hence one might
think that a simpler, single photon mechanism such as an RF pulse or a laser tuned at
the right frequency can selectively target fermions in the red shaded region in figure 5.7.
This, however, is not feasible. At an operating point of 765 Gauss (justified later), the
binding energy between |12, +1/2) and |Y/2, -1/2) is 16.14 KHz, while the natural linewidth
of the 671 nm (447 THz) 2S,/, — 2P3/, optical transition is almost 6 MHz [26]. Therefore,
a single-photon optical transition would not be selective enough to knock the fermions
out. On the other hand, although the 300 MHz splitting between |F =1/2) and |F = 3/2)
[26] allows for a narrow RF transition, such a transition would not give enough recoil

kick to the fermion to expel it from the cloud.

A two-photon Raman transition between |Y/2, +1/2) and |3/2, +1/2) would allow both a
narrow linewidth as well as a big recoil kick. At 765 Gauss, the difference in those en-
ergy levels is about 2 GHz [183, 184], so the linewidth is 6 MHz x (2 GHz/447 THz)? =
0.54nHz. While in reality the linewidth is larger than this ideal value, it’s still less than
a Hz, so specifically targetting the fermions with a Raman transition is entirely possi-
ble. The recoil temperature of °Li from a 671 nm photon is 3.5 puK, which is already much
higher than the trap depth, so the recoil from two of those photons will be more than

sufficient to knock it out of the trap.
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While the bound and unbound fermions can be spectrally distinguished, the Raman
lasers couple equally well to fermions everywhere in the trap. This is a consequence of
the fact that the difference between the AC Stark shifts of [l/2, +1/2) and [3/2, +1/2) would be
the same throughout the trap. By focusing the lasers, one can crudely target some regions
spatially. In particular, we saw in chapter 4 that the superfluid phase occupies most of the
volume near the trap center (e.g., figure 4.3). Thus, if we train our “evaporating” lasers
crosswise (perpendicular to the long axis) through the center of the trap, most - if not all

— of the fermions we kick out will be from the superfluid phase?

The transfer of atoms from the normal to the superfluid phase is not instantaneous,
and our calculation is only valid if we pump atoms out slower than the equilibriation rate
of the cloud. The cooling rate is limited by the time a cloud of fermions in a harmonic
trap take to equilibrate after being depleted from the center. In the strongly interacting
regime, transport is diffusive; the equilibriation time will be determined by the diffusion

coefficient, which in turn depends on the fermion scattering rate.

For a bose-fermi mixture with spin-polarized fermions at low temperatures, the fermions
can relax only by collision with the bosons. The collision rate per fermion (or the inverse
of the mean free time) is given by[185]

1
Ff = ﬁ?’lh()'bfvbf

where 0,5 = 4na§f = 4na2)\§, is the bose-fermi scattering cross section and v, s = (8kpT/mp)"/?
is the thermally averaged relative collision speed between bosons and fermions with the
reduced mass @ = mymy/(mys + my) = 2m/3. For my = my,/2, the dimensionless param-

eter n ~ 2 [186]. To be sufficiently deep in the BEC phase, we can choose kga = 1[170]

?Another geometry could be to use a spatial separation of the normal and superfluid phases. As seen
in recent exeriments[127], in an optical trap with an additional off-center magnetic trap, the superfluid
and normal phases are spatially separated with a flat boundary between them. Such a profile would make
it easier to target only the superfluid phase for evaporation. Further, double-well traps could possibly be
engineered where the two phases reside primarily in two different potential minima, but to date we do not
know of anyone of having actually done such an experiment.
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where k3, = 6mn;. Then B = 2Tg;/T, and the collision rate becomes

127 2
Ff = 4€FT(1’15613)>\§¢ (?) (512)
The diffusion constant D = v; /3T is given by Fermi liquid theory as
1
(5.13)

D=
m(3n2[3)1/2(n;,a3))\}
As shown in detail in appendix F, the upper limit on the pumping rate with this diffusion

constant is
dN  8y/2/3(a?-1)(n.a’)(wr/w,)?
dr a?pri(npa’)

where a = w,/w,, w, (w,) being the radial (axial) trapping frequency of a cigar-shaped

(5.14)

harmonic trap, wg = €g1/h, and n, is the central density of excess fermions.

To use our results for f = 10 we choose T = Tg/5, which also ensures the existence of
a Bose condensate in the fermion-poor phase. To find the operating point on the p = 10
curve of figure 5.4, we note that on the normal side (5 +n;)a® = 1/6m%, which happens at
usma?* = 0.374. At that point, on the superfluid side n,a> = 0.03. For typical central den-
sities of n; ~ 1018 m™3 for °Li [2, 74], we get er ~» 600 nK ~ 13 KHz. For these parameters
and a = 45, n./n, ~ 0.07, w, = 27 x 325Hz [2],

dN
= " 10°s7! (5.15)

This is an optimistic upper limit because of certain simplifying assumptions made in
appendix F, such as the number in the bleached region being equal to the central density
times some fixed width? Nevertheless, this tells us that we can pump ~ 10° particles per
second while keeping the system in local equilibrium. The practicality of this cooling
scheme rests on the comparison between the rate in (5.15) and the loss rates listed in

§5.4.

* Another very important assumption made in appendix F is that once the center is depleted, fermions
from all over the trap flow in to restore the central density. In practice, the fermions in the edge (normal
phase) are collisionless, and will therefore have a low diffusion coefficient. If we only consider the trap to
extend to the edge of the superfluid state (which is equivalent to using w, ~ 2 x 15Hz or a ~ 22) [2], then
this upper limit is reduced by a few percents.
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5.5.1 Background loss

At a pressure of 10~ Torr, typical of cold gas experiments, the ambient air density is n »
3.5 x 108 m™3, and the thermal velocity at 300K is v » 700 m/s. The scattering cross
section between a cold atom and an air molecule is just their area, which is ~ (1A4)2, and
given that there are typically 10° particles in a trap, the total cross section is ¢ = 107> m?.

Therefore, the background scattering rate is
Thack = OV = 24.557! (5.16)

For a trap with 10° particles at the start, the initial particle loss rate due to background
scattering would be ~ 4000 per second. This rate is much lower than the rate from (5.15),
and can thus be neglected. In typical experiments, the background decay rate is several

tens of seconds[187], and is almost never a limiting factor on the cloud lifetime.

5.5.2 Three-body collisions

On the BEC side, the number of three-body recombinations 1t + 1 + |—=1| + 1 per unit

time per unit volume is[188]

681a® 8/3
1—‘3—b0dy N m ”T/ n,

while the spin-flipped version 1 + | + |—=1] + | has the same rate with the spin indices
flipped. Since for our system there are no excess |-spins, i.e., n; = 0, this recombination

rate is zero, and we do not have to worry about this loss mechanism.
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5.5.3 Two-body collisions

Two-body collisions can be either fermion-boson or boson-boson. In both cases, one of
the resulting components is a deeply bound molecule, denoted (1) )_. Near a Feshbach
resonance on the BEC side, the collision rates are proportional to a=333 for 1 + 1} -1 +(1J
)- events and a2 for 1| + t}—-1| +(1])- events[180]. The proportionality constants
are system-dependent, and this stabilization of dimers near a Feshbach resonance have

been observed experimentally for ®Li, [107, 108] and “°K, [189].

At given densities, kgra = 1 is achieved at 765 Gauss, where the 2-body scattering

lifetime T,_poay Was observed to be > 10 s [108]. In other words,

dNZ—body _ dt

N T2 body

(5.17)

So if we start with ~ 10° fermions in our trap, we will start losing particles at 10* per

second due to this effect.

Comparing the three loss mechanisms above with the possible pumping rate in (5.15),
we can see that if in a given time AN fermions are pumped out by a laser, another ~
0.1AN will be lost to inelastic two-body collisions. In other words, in (5.11), we need
to multiply the denominator by 1.1 to account for losses. This will reduce all the n-s in
figure 5.6 by 9%. So for example for = 10 and psma?® = 0.37, with losses, n = 3.0 instead
of 3.3. While this is slightly lower than good evaporative cooling schemes, the fact that

this scheme kicks in after the evaporative stage still makes this a viable final stage.
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CHAPTER 6
FINAL-STATE EFFECTS IN THE RF SPECTRUM OF STRONGLY INTERACTING

FERMIONS

This chapter was adapted from “Final-State Effects in the Radio Frequency Spectrum of
Strongly Interacting Fermions” by Sourish Basu and Erich ]. Mueller, published in Physical

Review Letters 101, 060405 (2008) [190].

Can pairing between fermions be detected by spectroscopy? Spectroscopy is routinely
employed to characterize the rotational and vibrational states of molecules [191] (many of
which are difermionic), and a spectroscopic measurement of the superconducting gap in
a traditional superconductor was one of the first validations of the BCS theory [88, 89].
One should therefore be able to detect the formation of fermion pairs in cold atomic gases
in the BEC-BCS crossover region by spectroscopy. In the presence of pairs, the spectrum
of such a gas should consist of a sharp symmetric peak corresponding to an excitation of

the free fermions, and an asymmetric continuum due to the dissociation of pairs.

Markus Greiner and colleagues used this idea to demonstrate the formation of *°K,
molecules on the BEC side of a Feshbach resonance [192]. At T > Tggc, their trap held a
mixture of atoms and molecules in chemical equilibrium, which yielded a temperature-
broadened bimodal radio-frequency (RF) spectrum: a relatively sharp peak from the ex-
citation of the atoms, and a broader peak from the dissociation of the molecules. The
offset between the two was a measure of the binding energy, which agreed with a simple

two-body calculation of molecular binding energy (appendix G).

Later experiments observed similar bimodal spectra on the BCS side [116, 193], and
by analogy interpreted them to be signatures of Cooper pairing. This interpretation was

bolstered by theoretical calculations showing that finite temperature paired fermions in
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a trap would indeed exhibit a bimodal spectrum [194, 195]. However, that conclusion
has been called into question recently with the discovery that even an unpaired Fermi
gas at a finite temperature can give rise to a bimodal spectrum, purely by being in a trap

[196, 197].

The question of whether fermion pairing has a spectroscopic signature can be settled
if the signals from different density regions, or different parts of the trap, can be tomo-
graphically resolved. One way of doing this for a cylindrically symmetric trap is via an
inverse Abel transform, which gives us density-resolved spectra at the cost of lower signal

to noise [132].

Interpreting the tomographic spectra of [132], and later [80], was non-trivial because
of final-state interactions; instead of two strongly interacting fermionic species, experi-
ments [80, 116, 132] were done in a regime where there were three strongly interacting

fermionic states, due to the presence of several close-by Feshbach resonances.

In this chapter, we present a theory of RF spectra in the presence of final state in-
teractions across the BEC-BCS crossover region. Depending on the parameter range, a
spectrum of a homogeneous system can be unimodal or bimodal at T = 0. In particular,
on the BCS side the spectrum need not always be bimodal despite the existence of Cooper
pairs. We identify the physical processes behind the peaks and continua, and place ex-

periments [80, 116, 132] in their proper regions in the parameter space of interactions’

"The chronology of events that led up to this is interesting. We initially tried to explain the distinctly
non-BCS lineshapes of [132], in part motivated by the explanation of [116] on the BEC side. After going
through with the theory, we discovered an additional feature, viz. a symmetric §-function peak, that [132]
had not observed. Some months later, Wolfgang Ketterle presented RF spectra at a conference that had
an unexplained feature: a symmetric peak! They were exactly where we expected them to be. Happy
coincidence prevailed, and we published our results [190] almost simultaneously with [80].
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6.1 Introduction

Radio frequency (RF) spectroscopy may become a powerful probe of the many-body
state of a gas of cold atoms. One indicator of this potential is the sharpness of hyperfine
spectral lines [198]: orders of magnitude smaller than the ~100 kHz interaction strengths
found in interacting clouds of lithium atoms. As cold atom experiments begin probing
exotic states of matter, this separation of energy scales may allow one to detect subtle

atomic correlations.

Despite this optimistic viewpoint, there appears to be major theoretical holes in our
understanding of RF spectra, even at a qualitative level. The primary difficulty is that
when radio waves change the hyperfine spin of an atom, the entire many-body state needs
to adjust. Including these final state interactions is a nontrivial many-body problem,
akin to the one which must be solved to understand the X-ray spectra of metals [199].
These are hard problems - there is no generic prescription for including these final state
interactions, rather the solution will depend on the system at hand. Here we present a
variational calculation in which we calculate the radio frequency spectrum of a strongly
interacting superfluid two-component Fermi gas, including arbitrarily strong short range
interactions in the final state. We find structure in the spectra which have not previously

been theoretically described.

We consider a model where a gas of neutral Fermions occupy two different hyperfine
states [1) and |2). Radio waves drive a transition from |2) to a new hyperfine state |3).
Interactions between atoms in the three states are described by scattering lengths a,, a3,

and a,;.

Previous approaches to understanding the RF spectrum of a superfluid Fermi gas

have either neglected final state interactions [137, 194-196, 200], or included them with
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sum rules [201-203], diagramatics [204], or energy arguments [197]. Many of these pre-
vious works focussed on trying to gain quantitative understanding of the spectra for very
specific parameter values. Here we present a straightforward variational approach which
complements these other works: we focus on gaining a global picture of the qualitative
structure of the RF spectrum for all parameter values. While elementary, our formalism
is quite powerful - as was kindly pointed out to us by Giancarlo Strinati, it is equivalent
to the zero-temperature limit of the BCS-RPA theory used by Perali et al. [204] to explore

the unitary limit.

Final state interactions can qualitatively change the RF spectrum. For example, in
early experiments [184] with the three lowest hyperfine states of Lithium atoms *, final
state interactions nearly canceled out the contribution from interactions in the initial
state. This is due to the proximity of three wide Feshbach resonances: By, = 834G (ABy, =
300G), Bj3 = 690G (ABy3 = 122G) and B,; = 811G (ABy; = 222G). The scattering lengths,
which diverge on resonance, all become large at the same time. When a;, ~ aj3, the
interaction effects cancel [201]. Later experiments [116, 132,192,193, 205] found nontrivial

spectra — some of which were used as evidence of pairing in these gases.

6.2 The model

Here we use a BCS ansatz for the initial state, and a restricted set of final states which
includes only “coherent” excitations: the quasihole created in state |2) has the same mo-
mentum as the excited atom. The neglected excitations will shift our spectral lines and in-
troduce broadening, however our approach should capture the qualitative features of the

spectrum. Our approach is exact in the limiting case of a;, = a;3, where the spectrum is

20, 12), 13)=[1/2,1/2), [1/2,-1/2) |3/2,-3/2) where |F, mp) are their zero-field quantum numbers
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a single delta-function peak at its free space value. Furthermore, when a;; = 0, it reduces
to the BCS result: a broad asymmetric peak corresponding to the breaking up of Cooper
pairs. Generically we find a bimodal spectrum containing both the delta-function and
the broad continuum, though for some parameter ranges the delta-function lies in the
continuum and becomes significantly broadened, disappearing as a;; — 0. These results
mirror those in Chin and Julienne’s study of the RF spectrum of a single molecule [205].
Interpreting the delta function peak as a “bound-bound" transition, we encounter final

state pairs in parameter ranges where no free-space molecules exist.

We construct a “phase diagram” (figure 6.1) in the final interaction (a;3kg) versus
initial interaction (aj,kg) plane, delineating the regions where we expect to see a bound-
bound transition and where we do not. We also plot the interaction values used in three
experiments [80, 116, 132]. The experimental observations are consistent with our pre-

dictions; in [132] no bound-bound transition is seen, while in [80] one is always seen.

We only consider the spectrum of the homogeneous gas (measurable tomograph-
ically [132]), and avoid discussing the trap averaged spectrum, where inhomogeneous
broadening obscures the basic physics [197]. Further, we restrict ourselves to the T = 0

unpolarized case (n; = n,).

The role of the hyperfine energies €; (j=1,2,3), is most transparent if we make the
Canonical transformation to the field operators y; — e 'y, to arrive at a Hamilto-

nianﬂ-[zH+HR1:WithH=H1+H2+H3+H12+H13,

H; = Zkek\'/},kqj]lk (6.1)
Hij = _>‘ijkaq\VI,k\V;,p\Vj,p—q\lfi,km (6.2)
Hee = ), (\l’;,k\Vlke—iwt + \P;,k%,keiwt) (6.3)

—iwt iwt
= e X +e''XT,

83



o 00O Nature 454,739 | e o |
®®e DRL 99,090403 | o
000 Science 305, 1128 : o
T T @ :
& o
= 0]
o
b
3
~ B | R L R LR R PR R e e PR
—

No bound- bound transition

-2.5 -1.5 1/@12]{7}7 -0.5 0.5

FIGURE 6.1: Phase diagram showing for which values of initial (a;,) and final (a;3) scat-
tering lengths the homogeneous RF spectrum contains a bound-bound peak. Scattering
lengths are normalized via the fermi wavevector, kr = (3n2n)"/3, where 7 is the atomic
density. Symbols: parameters from lowest temperature data in the experiments - refer-
ences [116], [132] and [80] correspond to open diamonds, closed circles, and open circles
respectively.

We neglect the Hy; term? The RF detuning is w = wrr — (€3 — €;) and the free particle
dispersion is €; = k?/2m — y, where m is the atomic mass, and we use units where # = 1.

The interaction parameters \;; relate to the scattering lengths a;; between states |i) and

|j) by
1
_— _ 4
)\1] Zk k2 (6 )

4na”

where V is the spatial volume. Of particular importance is that if \;, = A3, then [X, H] =

0, implying that the RF spectrum will consist of a single unshifted delta-function.
We make the variational ansatz that the system is initially in the BCS state

GS) =TT, (”k + qu’f,k“’;,—k) [vac) . (6.5)

Minimizing (H-uN), and neglecting the Hartree terms [206] yields a ground state energy

*By the Pauli exclusion principle, the |2) atoms are spatially anticorrelated. To lowest order, the RF
excitation will create |3) atoms which share these correlations, rendering negligible the impact of H,s.
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asskr = —0.72 1/ayskr = —0.61

SR(w) (arbitrary units)

1/ayskr = —0.38

ashr = —1.15 J
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FIGURE 6.2: Theoretical radio frequency spectra at a;, — oo, where kg = (3n2n)"/3 and
€f = k} /2m. The discrete peak on the right two figures correspond to a “bound-bound"
transition between Cooper pairs in the various channels. Moving to the left, that peak
merges with the continuum. The discrete peak has been scaled down for display; its actual
spectral weight is shown in figure 6.4.

Egs = <H> = Zk(ek_Ek) +A2/>\12, with V,% = (Ek—ek)/ZEk, and ui = (Ek+€k)/2Ek- The

gap A obeys A\;; ¥ 1/2E; = 1 and the number of particlesis N = 2 3 [v|2. The excitations

will be described by quasiparticle operators yx = tx\yy - vk\p;_ pandng = Vk‘|’1T,k A

with energies Ex = \/(ex — 1) + A%

6.3 Spectral density

Fermi’s Golden rule states that given an RF detuning w, the rate of transitions I to a set
of final states |f) is given by the imaginary part of a spin response function,

(@) o ;I(GSIHRF F)F 8(w + Eqs — Ey) (6.6)

1
= Im(GS|XT—_X|GS) = ImR(w),
w—-H

where H = H - Egs. We approximate this response by restricting the final states to those
containing a single quasiparticle. By definition this captures the “coherent” part of the
response where most of the spectral weight lies [207], and aside from the BCS ansatz is

exact when aj; = gy, or when a3 = 0. Introducing the incomplete but orthornormal set
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of states
1t Tyt
k) = Ve Ve GS) = =3, Yk [GS) (6.7)
we replace the Hin (6.6) by H = ¥ 1 |k) Hyr (K'|, where Hypr = (k| H k') = 8jpr (Ex + €x)—

AU Uy . Matrix inversion gives

R(w) 1 -
v Vzk,k"’kvk’ [(0-H) l]kk’ (6.8)
(2mp)3/2 2 NG
(2m)2p Gs + n—L_ 2G|
amm e 1

In terms of scaled variables @ = w/p, A = A/pand E, =/ (x2 - 1)% + A%,

o 2(Ey +x% -1
6 - [Tax[ao BEeoD )
0 E.(w-E;,—x2+1)
G, - % _ x2dx ,
o E (0-x2-E,+1)
() Ex_ 2 1
G, = f Pdx——x X (6.9)
0 E.(0-E,-x2+1)

As previously discussed, there are two contributions to the spectrum: a continuum
from breaking up Cooper pairs, and a discrete peak from the conversion of a Cooper pair
into a pair in the new channel. Mathematically, the continuum comes from the poles of
the integrands of the G’s. Since we have severely restricted the available final states and
neglected Hartree terms, the location of this continuum is independent of the final-state
interactions and corresponds to all w for which we can find a k with w = Ej + €;: ie.
w > \/W — M. In a more sophisticated theory the threshold will depend on a;5. The

discrete peak comes from the condition

1 2
+=G; =0. (6.10)

ai\/2mp ;
This condition can only be satisfied for sufficiently strong interactions. In particular, if
ap = oo, we find that this peak exists if a;3 > 0 or if a;31/2mp < —1. In the former case

the excited state can be thought of as a molecular pair, but in the latter case it is more
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analogous to a Cooper pair. When ay, = a;3, one can recognize that if one sets w = 0 in
Eq. (6.10) one recovers the gap equation. In this limit all spectral weight resides in this

zero-detuning peak.

In the BCS-BEC crossover, the chemical potential depends on interactions and den-
sity in a nontrivial way. Following convention we will quote our results in terms of the
Fermi momentum of an ideal Fermi gas with the same density as the one we are consid-
ering, kg = (3m2n)'/3. In figures 6.2 and 6.3 (top) we illustrate the a;; dependence of the
spectrum by showing the spectral density when a;, = co. As figures 6.1, 6.2 and 6.3 reveal,
the pair-pair transition peak breaks off from the continuum around a;;kg = —0.7. As the
solid line in figure 6.4 shows, most of the spectral weight is in that peak close to unitarity.
For 0 < aj3kp << 1 (beyond the right hand edge of figures 6.3 (top) and 6.4) the spectral
weight shifts back to the continuum. In that regime, the wavefunction overlap between
the large |1)-|2) Cooper pairs and the small |1)-|3) molecules becomes negligible. Further,
the spectral weight in the bound-bound peak goes to zero when it hits the continuum (left
edge of the curves in figure 6.4), in agreement with [205]. Figure 6.3 (bottom) is simi-
lar to figure 6.3 (top), except that we show the a;, dependence of the spectrum keeping

a3 = 00.

We now discuss how the structure seen in figures 6.2 and 6.3 can be measured exper-
imentally. First, since all physics only depends on the dimensionless parameters a;;k all
interactions can be modified by changing the density. If a;, = co then only the final state
interaction is changed when the density is varied. This is a powerful knob: as seen in fig-
ure 6.1, two of the experiments [116, 132] have been performed very close to the point in
Fig. 6.3 (top) where a bound-bound transition emerges from the continuum. A modest
increase in density should allow the observation of this feature. Alternatively, one can

produce different final state interactions by changing which internal states one uses in
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FIGURE 6.3: [Top] Spectral density as a function of final state scattering length a3 and
RF frequency w, when initial state interactions satisfy a;, = co. [Bottom] Same plot, ex-
cept as a function of initial state scattering length a,, and w with a;; = co. Spectral weight
increases from white to black. The §-function peak has been broadened to improve read-
ability.

the experiment [80]. For Lithium ? in states |1), |2) and |3), one has six combinations:
instead of a |1)|2) superfluid, for example, one could take a [2)|3) superfluid and excite |2)

to |1). For the six possible combinations of pairing and excitation, final state interactions

(1/agnalkr) for typical central densities [132] are tabulated in table 6.1.
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FIGURE 6.4: Fraction of spectral weight in the bound-bound peak as a function of final
state interaction strength ai3, for different values of a;,. When the two interactions are

equal, i.e., aj3 = ap,, all the weight is in this peak.

TABLE 6.1: Final state interactions for different initial pairs and excitations at typical ex-
perimental densities [132]. For all cases, 1/aiisiakr = 0, i.e., the initial pair is at unitarity.

| Initial pair | RF excitation | 1/agnake |

12 23 -0.94
12 1-3 -0.19
13 12 2.58
13 32 2.14
23 2->1 -0.86
23 3->1 0.18

6.4 Quantitative accuracy

Motivated by refs. [201-203], we compute the zeroth and first moments of the resolvent
Rexact> defined in eq (6.6), and our approximation, Rypprox, from eq (6.8) . The |k) basis

is sufficiently large that the zeroth moment, or total spectral weight, is preserved by our
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FIGURE 6.5: Solid line: separation between the “bound-bound” peak and the continuum
from our theory, in units of the Fermi energy. Stars: Experimental data from [80]. This
is a zero parameter fit, with density and magnetic field as the only inputs.

approximation,

~ d
/ 7‘°3Rexm(w) = (GS|XTX|GS) = 3 v2
. 4

o (6.11)
/ —IRupprex(0) = L (KIX|GS)* = 3 i
—00 k k

The higher moments of both Rexact and Rypprox are dominated by long tails which arise
from the short distance structure of the BCS pairs. In the absence of final state interaction,
for example, Rypprox(w) o< @32 for large w. With final state interaction, Rypprox(®) o<

w~5/2 and our approach reproduces the first spectral moment in [201].

Finally we comment on the quantitative accuracy of our approach. The largest ap-

proximation that we make is the neglect of Hartree-type interactions. These terms will
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shift the spectral lines. We also neglected incoherent processes which will broaden the
spectra. Another important approximation was our neglect of finite temperature effects.
These could be important in experiments where T/Tg ~ 0.1. Despite the severity of these
approximations, we believe that our calculation is valuable for its simplicity. It illustrates

the important physics in a transparent manner.

Quantitatively comparing our theory to experiments such as [80] is difficult because
those experiments usually trap-average perpendicular to the long axis to improve their
signal to noise ratio. However, in the regime where a bound-bound transition exists (up-
per half of figure 6.1) with a significant weight, even a trap averaged spectrum should
show a peak and a continuum, with the peak heavily weighted by regions of high density
at the center. We compare the separation between the peak and the continuum from our

theory with data from [80] in figure 6.5. The agreement is quite good.
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APPENDIX A
EVALUATION OF THE PHENOMENOLOGICAL FREE ENERGY

Here we detail how one calculates the Free energy of our pheonomological model for
a general domain wall shape. We parameterize the boundary by f = F(8), in terms of
which the coordinates of the boundary are p(6, f) = Ryg f cos@ and z(0, f) = Z1g f sin 6.

The surface energy is

P’ 2\ 2
oo (1 £ 2
Rir  Zi
/2
:2Adw/ dOF(8) cos 0
° (A1)
x [F'(0) cos® — F(0)sin 6] x [1 - F(0)*]?
Zrr \’ F/(8)sin® + F(0) cos 6 2
x\| 1+ .
Rrr ) \ F(8)cosO — F(6)sin0
where we define the coefficient
2m1P/? WTP3/2
_ 2 zm 0
Ay = R, 2o | 27 | [ T B | (A2)
We write the free energy of the superfluid core as
5/2
p2 Z2
Qs = As/pdpdz(l————)
$ R"ZrF Z"ZrF
/2 F(6)
- 2AS/ decosef df (1= f2)5
0 0
/2
- 2A, f d68G,[F(8)] cos 0 (A3)
0
2m P2 4p5/2
Ay = —LRYpZrr [ﬁ] [ﬁ (A.4)
Gi(x) = 38%L[x\/l — x2(—15 + 118x% — 136x* + 48x°)
+15sin! (x)] (A.5)
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Similarly, the free energy of the fully polarized normal shell, Qy = A, [ pdpdz(1+y -

p2 /R, — 22[Z2.)%, is:

_ 4 5_7(_ fn/z F(0)
On = 2A,(1+Yy) [256 | doG, Nies cos 0
2m7? 4p5/2
A, = _cnR?erTF[ﬁ] [15‘7’1 ) (A.6)

The total number of atoms in the two phases are given by

/2
N, :ZBSf d6.cos8G,[F(0)]
0

A7)
w2 F(6) (
_ 3 _
N, =2B,(1+vy) [n/32 /0 d@cosGGzlmH
where
2 [2mp, P2
Bs,n = Cs,ng [TP-O] R”ZFFZTF

(A.8)
G,(x) = 4_18 [x\/l - x2(-3 + 14x* - 8x*) + SSin_l(x)] :

Thus both the free energy, and the constraints of fixed N and P reduce to one dimensional

integrals.
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APPENDIX B

BCS THEORY

The BCS theory has been extremely successful at describing conventional superconduc-
tors, and is also an accurate description of cold gases on the a < 0 side (therefore called
the BCS side) of a Feshbach resonance, getting better farther from the resonance. Here
we summarize the BCS theory for spin-polarized fermions. The BCS Hamiltonian is
H =) eroWioWio = 2 MWW, = D0 AWV
ko K K
(B.1)
Ak = ) Uae (Y1 Wier)
k/
where ey, includes Hartree-Fock corrections to the free energy. In general, p; # y, since
their populations are different. This quadratic Hamiltonian can be diagonalized by the

linear (Bogoliubov) transformation

_ T _ T
Vit = U Yk + VYo Wikt = —VokY g+ U Y-k2

where the coefficients follow |u|” + |vi|* = 1 to satisfy fermionic commutation relations.
Hence we can write express the coefficients as ux = cos 0 and v = sin 0. The angles
Oy are determined by the condition that this transformation diagonalizes %, which for

s-wave superconductors (A = A) gives

2A

tan 29k = —
€kt + €k}

The diagonalized Hamiltonian reads

2

_ - A
H =Y MkViVik + D) A2k Yok + ), [Gk -/ &+ Az] g
k k k
. Ae
}\[1,2],1( = elz( + Ai + _2k

where we've assumed Uy = U and defined 26y = ey + €k, Aex = €kt — €k, = [ — Hy.

(B.2)

Densities (1, = Y <\|11T(0\Pk0)) and other quantities can be calculated at finite temperature
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using
1

(Vhvie) = 2y

We quote the relevant expressions here for reference:

yzdy eP/2 + coshE, — (y* - Bj) sinh E, /E,
"o [ ] -/ coshE, + cosh(Bh/2) (8.3)
yzdy e P12 + coshE, — (y* - Bj) sinh E, /E,
e [ ] / coshE, + cosh(Bh/2) (B.4)
1 sinhE, 1
a [ ] f y'dy lE coshE, + cosh(Bh/2) )7] (B.5)
(#H) 1 Ey (e B + cosh(Bh/2)) — (Bh/2) sinh(Bh/2)
s
Vol ~ 2m2p th y'd coshE, + cosh(Bh/2)
¢y Bii-E,+ “;y)z} T (payy/ W]
(B.6)

where i = y; + p and E, = /(2 - Bf)? + (BA)2. Equation (B.5) is called the gap equa-
tion, since solving that at fixed temperature 1/p and scattering length a gives the gap A.
On the other hand, solving equation (B.5) with A = 0 gives the transition temperature
1/B. as a function of a. To characterize the phase transition from A = 0 to A # 0, we need

to construct the free energy as a function of A.
1 ~BH
F= _B logTre (B.7)

Since H is quadratic in the Bogoliubons, this can be calculated analytically. After the

smoke clears, were left with

3/2 -
| [ [y |50+ 702 - B

-y*log {2 coshE, + 2 cosh [%h}]

2a 2m

T payy /P2 ]

(B.8)
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At low temperatures (figure B.1 left), this F has two minima in A, one of them A = 0,
and the transition between them is discontinuous. Above a temperature specified by
[F"(A = 0)/A]a-o = 0, the transition is continuous from A = 0 to A # 0 (figure B.1

right). At T = 0, h = 0 and a — oo, the gap can only depend on the density, and in

FIGURE B.1: F from (B.8) at unitarity. Left: At low temperature, F(A) — F(0) has two
minima. As the chemical potential mismatch / crosses a threshold h,, the order parame-
ter A jumps discontinuously from a finite value to zero. Right: At high temperature above
the tricritical point, the phase transition is continuous at h..

fact A = 1.16fi. The chemical potential mismatch A, after which there’s a discontinuous
transition from the superconducting to the normal state (A = 0) is called the Clogston

limit,and at T = 0, a - oo, h, = 1.6[u.
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APPENDIX C
THE HUBBARD-STRATONOVICH TRANSFORMATION

The Hubbard-Stratonovich transformation is used to eliminate a pair of fermionic fields

in favor of a single bosonic field. The usual point-interaction Hamiltonian

- T T T
H = Z €koVioWko — \4 Z \Pﬂ_,_k/TWﬂ_kri\Vﬂ—ki\l]ﬂ*—kT
ko kk’q 2 2 2 2
provides an ideal test case. The partition function for this Hamiltonian can be written as

p B
_ T _
S= /(; dt kgc V. Vo /0 dtH

(C1)
Z= f {H d\[]kc d\ljltc} eS
ko
Using the identity
r / dzdz* e =1 (C.2)
a

we write unity in terms of an arbitrary scalar function Ay:

lH %]]{H dAde;:}e—Zk“kiAkiz _ 1 (C3)
k

T
Since the integral over Ay spans the entire scalar space, this result holds even if we shift

A by any arbitrary amount, in particular:
A~ =V Zq: Vi Vgt
2 2 * * *
o Ag > [Ag - vag Y Ve Waaer = VA ), VagqVe g (C4)
K K

2 * *
v Z Ve Ve V- Vet
kkl
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If we multiply the partition function by unity as defined in (C.3) with the shift defined

in (C.4), we get
Z-= f {H Ao d\p;c,} {1‘[ dA, dA;;} e
ko p
B B
S= f AT ) Yieo (0c — €io) Yo + V f AT Vo Wa g oo Ve
0 ko 0 qkk’ 2 2
B B
_ fo dt) a, ‘Ap‘z +VY fo dtapAy Y W Ve (C5)
3 P K’
B
V) '/; drapA, Zk: Ve Ve
3

p
2 *
-V E apf dTE :W;+kTWB_k¢\|}B—k’l\PE+k’T
p 0 kK 2 2 2 2

This is true for any oy, and in particular for o, = 1/V. This choice gets rid of the interac-

tion term, leaving us with

[ . 1 B 2
S:./o dTGkGWkG(aT_eko)ch_V[) deq:|Aq‘

So
P B
+ f dTZA;ZW%—ki\P%ﬂ(T*‘ / dTZAqZWZJrkTW’;fki (C.6)
0 q k 0 q k 2 2

A B

S1

So the partition function becomes

Z o / {1‘[ dAPdA;}exlzfo“erpApV x / {H d\pkad\plﬁo}es‘)e& (C.7)
P ko

(e1)

where the expectation is evaluated with the “free fermion” Hamiltonian. Now

(esl) :1+(51)+%(5f)+é(5f>+... (C.8)

and since were averaging with respect to Sy only terms of the form (AB), (A*B?), (A*B*)

etc. will be non-zero.

(A"B") + - (C.9)



If we're close to the tricritical point, A is small, and we can consider terms up to order A2,

or in other words, only the term (AB).

p B
(AB) = [ dv [7ar 5855 80 3 (W (Ovea (¥ L (W, (7)
0 0 q q Kk’ 2 2
(C.10)
We can now use Wick’s theorem to break up the expectation value into pairs, and the
multiple sum above simplifies to

1_f(€g+k¢) _f(eg—ki)

€a + €4q
5 +kt 5kl

(AB) =B |Ag Y (1)

This sum by itself is divergent, but the first exponential in (C.7) subtracts off the divergent

part. At unitarity
2

4]

\%

2 1
- |Ap| zk: e (C12)

So the combination

1-flesuq) - flesny) 1
x(@) = { - s (C13)
k €%+kT + 6%71@ 2€k
is convergent, and appears in the partition function as
Z o f {]‘[ dA, dA;} eP Zax(DlAqf (C.14)
P

x(q) is given by the integral

x(q)

3w (2_m)3/2 B[ KM 2K 0" 2B
2 2 _ 1.2
2\ P 2 Jo k? = Bu+ 29 (C.15)
e~k + ek*+a’/4 (e*ﬁw + e*ﬁm) + o2k +q* [2+kq p—2pp

1
(k. q) = alog eka + ek*+a’/4 (e=But + g=Bu) + g2k?+q?/2-kq =2Pn

Effectively, we've written down the partition function in terms of a Bosonic field A.
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APPENDIX D
COOLING AND TRAPPING OF ATOMS

The “granddaddy” of all cooling techniques in this field is laser cooling[31, 208], in which
off-resonant (red-shifted) laser beams are used to slow down atoms by decreasing their
average velocity, or putting them in “optical molasses” as is more fancifully known. Then
the cooled gas is placed in a magneto-optical trap (MOT), where they are evaporatively
cooled to nanoKelvin temperatures. In the eleven years since the first BEC, newer and
better variations have been perfected over this archetypal technique, including some all-
optical techniques, which obviate the need for bulky magnets. Below we outline the idea
oflaser cooling and evaporative cooling. It should be noted, however, that very often there
is another cooling step between the two, such as Raman cooling or Sisyphus cooling, for

which the reader is refered to the literature [209-213].

D.1 Laser cooling

Suppose an atom has a transition from the ground state to an excited state at an energy
A = E; - Eq. If a photon at at frequency vy = A/h hits this this atom (and if the photon is
of the “right kind”, i.e., has the right polarization and so on — more about that later), then
it can excite the atom from the ground state to the excited state. However, there will also
be a momentum transfer, in that the momentum of the photon hv,/c will be transferred
to the atom. So an atom at rest will receive a “kick” when it absorbs a photon, and will
speed up. If, however, we can tune things so that only atoms in motion receive this “kick’,
and further, they receive this “kick” only in a direction opposite their current velocity,
then they will slow down after repeated kicks. The way to ensure this velocity selectivity

is by ensuring that the photon has an energy less than A. The absorption spectrum of an
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F1GURE D.1: Schematic representation (color on-

line) of red-detuned laser and Doppler-shifted  Figure D.2: Laser cooling by six
absorption spectrum. The solid curve corre-  Jasers along the three axes. The
sponds to the absorption spectrum of an atom at  golid arrows are lasers, all identi-
rest, the dashed blue curve is for an atom moving  cally red detuned, and the blob in
towards the laser source, while the dotted blue  the center is the gas being cooled.
curve is for an atom moving away from the laser

source.

atom, even at zero temperature, has a finite width limited by the lifetime of the excited
state. In figure (D.1), the absorption spectrum is represented by a solid blue curve with
a peak at vy, the resonant frequency. Let an external laser be tuned to some frequency
Vv < v (the vertical red line). Now if the atom is moving fowards the laser source with a
velocity v, then according to the atom the frequency of the laser is blue shifted to

Vi=v va(l+z) (D.1)

1-(v/c) ¢

Or, equivalently, from the point of view of the laser, the absorption spectrum of the atom
is red shifted so that the absorption peak is now at vj = vo(1 — v/c). If, however, the
velocity is “just right” so that the red-shifted peak is exactly on top of v (the dashed blue
curve in figure (D.1)), i.e.,

y=2 (vo—V) (D.2)
Vo
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then the atom will absorb photons from the laser with a high probability. Conserving
both energy and momentum in such an (inelastic) process where a photon is completely
absorbed by an atom to go into the excited state E;, we see that the new velocity of the
atom is

A

vVi=y- — (D.3)
mc

where m is the mass of the atom! Atoms that are moving away from the laser, however
(dotted curve in figure (D.1)), will be blue-shifted w.r.t. the laser, and hence will not
absorb photons and will not receive any kicks. So we have found a way of slowing down
only atoms moving with a certain velocity. If we now use identically red-shifted lasers
(which can be achieved by splitting a single laser) from all six directions in x yz space
(figure (D.2)), then we will slow down all atoms that have a velocity component v in any

of the three directions.

When the atom re-emits and comes down to the ground state, it will emit in a random
direction, so the average kick received from multiple re-emissions is going to be zero. This
arrangement is going to slow down all atoms with a specific velocity component v, which
depends upon the degree of detuning as mentioned above. So now we gradually sweep
the laser frequency closer to v, to target lower and lower velocities. This brings down the

average velocity of all the atoms, effectively cooling them.

D.1.1 Magneto-optic trapping

Cooling is not trapping. Although the above procedure will slow atoms down, there is
nothing to prevent them from slowly drifting out of the focal point of the six lasers. This

is prevented by a magneto-optical trap (MOT). It turns out, to trap atoms in a MOT, we

"The atoms are assumed to be slow so that the momentum is non-relativistic (p = mv).
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Ficure D.3: Schematic of a MOT in 1-D.

need an atom with not one but three excited states, which are degenerate in the absence
of an external magnetic field. Suppose the total angular momentum of an atom is F =
0 in the ground state and F = 1 in the first excited state. We place the gas in an anti-
Helmholtz magnetic field geometry; such that the field is lowest at the center of the trap
and highest at the edges, having opposite signs at the opposite edges, as in figure (D.3).
This ensures that the |1,1) state has the highest energy on one side, while the |1, 1) state
has the highest energy on the other side. The states |1,0) and |0,0) do not experience
any Zeeman shift. Now we shine two red-detuned lasers of the same frequency (v in
figure (D.3)) but opposite circular polarizations (o, and o_) from the two sides, such
that o, shines from the end where |1,1) has the lower energy. The key point is that o,
only couples |0,0) with [1,1), while o_ only couples |0, 0) with |1, -1). At the center of
the trap, v is slightly lower than A and consequently there is the usual laser cooling as
detailed above. Now if an atom strays to the right in figure (D.3), then its |0, 0) — |1, -1)
absorption gets closer to v and its |0, 0) — |1, 1) transition moves away from v. In terms of
photon absorption, it “sees” the o_ beam better than the o, beam, absorbs more photons
from the right; and experiences a net force to the left. It is also obvious that this net force

increases as the atom moves further rightward? An analogous effect takes place at the left

*This is done by simply reversing the current in one of the two Helmholtz coils
*In short, the role of the atom velocity used in laser cooling above is played by the magnetic field.
“Close to the center, this restoring force is harmonic, not surprisingly.
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extremity, pushing all left-straying atoms to the right. So this setup not only cools the
atoms down, it also traps them by creating a net restoring force towards the center. This

basic setup is replicated along all three axes to create a 3D trap to contain cooled gases.

D.1.2 Temperature limits

The lowest temperature(s) possible with the method outlined above comes from two facts.

o This technique obviously depends on the fact that static atoms do not absorb the
photons, while atoms moving with a certain velocity do. This will no longer be
the case if the Doppler shift is as small as the absorption line-width; at (and be-
low) that detuning, the absorption spectrum ceases to be velocity dependent. This
lower limit on the detuning sets a limit on the lowest velocities we can target. If the

absorption line-width is hy, then Doppler limit of temperature is
1
kBTDoppler = Ehy (D4)

This is of the order of 100 microKelvins. The first few laser cooling experiments
seemed to agree with this estimate of the lower bound on temperature[30, 214].
Interestingly, subsequent laser cooling experiments turned out to produce much
lower (sub-Doppler) temperatures quite by happy chance[215, 216]. This surpris-
ing result was explained later as a result of a Sisyphus-like cooling process in the
standing-wave field of two counterpropagating lasers[217]. This lowered the tem-

perature by a factor of five to ten from Eq (D.4), until it hit the next limit (below).

o Although the re-emission kick is in a random direction, ensuring that the time-
averaged momentum kick due to re-emission is zero, the time-averaged kinetic

energy of the atom due to re-emission kicks is non-zero. This sets a limit on the
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lowest temperature achievable by

AZ

kgTp = ——
BT e

(D.5)

This is of the order of 10 microKelvins, and is called the single photon recoil limit.
This is still too high to produce BCS-s, and this limit was broken by techniques
such as Raman cooling[218, 219] which produced temperatures lower by a factor

of ten to hundred.

As we have noted, the simple laser cooling and magneto-optical trapping summarized
above is not enough to produce nanoKelvin temperatures. This is usually followed by
one or more stages [217-219], until, to produce a BEC, the atoms need to be evaporatively

cooled.

D.2 Evaporative cooling

Using a combination of optical techniques, the temperature can be brought down to sev-
eral uK, sometimes even several nK[211]. However, what matters in creating BEC-s is not
the temperature alone, but the phase space density’ Although [211] obtained a tempera-
ture of ~2.8 nK, they only got n\’; ~ 10~7. Even a more improved technique[220] which
achieved a much higher phase space density with Raman-cooled Cesium only managed

n\’, ~1/500. To get a BEC, atoms are cooled in much the same way as a cup of coffee.

In a cup of coffee, the most energetic molecules with a lot of kinetic energy escape
from the surface into the gaseous form. Since their kinetic energy is more than the mean

kinetic energy, their escape brings the average kinetic energy down, which brings down

*The condition for forming a BEC is n\} = 2.612, where n is the density, and \4p is the thermal de

Broglie wavelength, given by A4p = fi//2mkgT. So we need low temperatures and high densities to form
a BEC[67].
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the temperature (our coffee obviously gets cold!). In cold gases, much the same principle
applies. During optical cooling, the atoms are trapped inside a magneto-optic trap. Now
since we need to go far below the recoil limit, a MOT is not the best trap any more. So
the pre-cooled atoms are trapped inside some kind of conservative trap, for example a
purely static magnetic field or a far-off-resonant optical field[221]. Higher-energy atoms

are expelled by mainly four different evaporation techniques[222].

1,1)

1,0)

FIGURE D.4: Energy levels of |F, mg) states in a quadratic magnetic trap; r is the distance
from the trap center and E is the energy.

1. Direct contact with walls: Some experimentalists keep a sticky wall close to the
sample, and then lower the temperature of the wall gradually. The wall absorbs the

high energy tail of the distribution.

2. Lowering the trapping potential: The total trapping potential can be suddenly low-
ered, so that bound states of the deeper potential now become continuum states of
the shallower potential. The problem with this is that the elastic collisions rates are

small throughout the ramping and cannot be increased, so the cooling is very slow.

3. Lowering trapping potential along one axis: In this method, in a 3D trap, only
the axial trapping potential is lowered, so this is basically a 1D selection method.

The advantage is that the trapping volume and hence the collision rate can still be
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controlled through the radial potential, so this cooling can be a lot faster than the

previous one.

4. RF-induced evaporation: This is currently the most popular and effective method.
Let an atom with F = 1 be trapped as shown in figure (D.4); the magnetic field is a
minimum at the center, and [1,1) is a low-field-seeking state which is trapped. The
atoms with higher kinetic energy will reside closer to the edges, and hence our goal
is to eliminate the atoms close to the edges. We apply an RF field at frequency w,
which is resonant with the |1, -1)«>|1, 0) and |1, 0)<>|1,1) transitions near the edge.
Then only the atoms in [1, 1) near the edge will undergo stimulated emission to end
up first in [1,0) and finally in |1, -1). Now |1, -1) is a high-field-seeking state, and
so will “roll down” the potential and exit the trap. This will eliminate the higher
energy atoms and bring the temperature down. Sometimes instead of an RF field,
alaser is tuned to some optical transition and selectively applied to the edges of the

cloud, to eliminate atoms by optical pumping.

3

This last stage of evaporative cooling can give six orders of magnitude increment in nA>;,

resulting in Bose-Einstein condensation. To summarize, Doppler cooling produces a
temperature of ~ 100 pK; intermediate techniques bring it down to ~ 10 uK (or some-
times even ~ nK[211]); and evaporative cooling, with possible temperatures as low as 500

pK[223], brings the phase space density up to form BEC-s.

The techniques of Doppler and evaporative cooling, while general, do not necessarily
always work. For example, the energy level structure of the target molecule might be too
complicated for Doppler cooling, in which case techniques such as [224, 225] need to be
used. More importantly, evaporative cooling will not work for atoms with unfavorable
collisional properties. A direct evaporative cooling relies on the rapid thermalization

of a cloud, which, at low temperatures, depends on the s-wave scattering between the
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atoms. For degenerate Fermions, the s-wave scattering length is zero between identical
species due to Pauli exclusion principle, and the p-wave scattering goes to zero at low
temperatures. So they can not thermalize, and cannot be cooled by direct evaporative
cooling. This can be a problem even for certain Bosonic species; e.g., the s-wave scattering

length of #Rb vanishes for scattering energies of E ~ 375 uK[226].

In such unfavorable cases, the target is sympathetically cooled. The idea behind cool-
ing a difficult-to-cool species is to find a second species that has good collisional proper-
ties with the first species, i.e., which has a much higher rate of elastic collisions than in-
elastic collisions. Then we cool the second species down, and let the first species thermal-
ize with the second species, thereby bringing down the temperature [36, 68, 69, 73, 226].
The importance of this technique cannot be overemphasized, since every single experi-

ment with degenerate fermi gases utilizes sympathetic cooling.
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APPENDIX E
PARTIAL DERIVATIVES AT CONSTANT PRESSURE

E.1 A general “chain rule”

Suppose we have two functions f(x, y) and z(x, y), and we want to evaluate 0f/dx|,

instead of 9f/dx|,. In general,

of
S
f= 3
If we add the constraint z(x, y) = constant, then
0z 0z
g dx+ —| 6y=0
z= ax X+ 3. y
az oy
Sy =-8x =
- axl, ozl,
Using this 8 y in the expression for § f,
of| _ of df| odz| 9y
axl. oxl, ay| oxl, oz,
X xl, dy|, oxl, oz (E1)
_of o oy
~oxl, dy L 9xl;
E.2 Latent heat
We need to evaluate BS/aNf|PTNb.
as| o _as| ) v
oNy PN, oNy V,T,N,, oV TNf.Np ONy P,T,N, (E2)
_os| ¢ v |
ong V,T,N, oT ViNy,Ny ONy PT,N,

where s = S/V, and we've related dS/dV to dP/dT using a Maxwell’s relation. Since it’s

easier for us to express the densities in terms of the chemical potentials (rather than the
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other way round), we can write

s = (T, wp tos 1 (T pips o) 16 (T pips p))

Noting that constant V and N, implies constant #;,, we have

al’lb E)nb
51’11,|T = a— 6}1]6 + ﬂ (Sp.b =0
Hf HpsT H wpT
any,
ous [
- 6 — —6 »Hb
He = =K o, (E.3)
oy wsT
any
0s 0s 0s OMf |y,
= 65|T,nb = —f 61’1f+6p.f " - a_ph T
1, T g, up, Tong,ny, v gy oy wpT
but at constant T, we can write dn fas
anf anf
(Si’lf| = — 6},1 + — 5}1@
T f
Myl Mo,
any
on on ouy |
— pr a f _ a f - Hp
b onp
Bf T Holy,r e |y 1 (E.4)
(Si’lf
= 6p'f‘Tnh ny
ang| o _omg) Pl
oy oy oy
Hp,T upT ol r
Substituting Sy from equation (E.4) into (E.3),
s onp _ Os Iny
ds _0s M Ly, Tnpom, M0 lue T M0l T pm, O Iy, .
on on on on ( '5)
8nf T ai’lf T haie onp _ 9 onp
>y Mo fH>Hp ous T oy T, oy T, ous T
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The entropy per unit volume s is just (€ — 4)/T, where € is the expectation of the Hamil-

tonian (5.2),

€ 1 (2\°[1
ﬁ :Zﬂ)\byz + 37'[)\fxy — 2\/(,)/ + 4—7[2 (E) lgF_o,/z(Bi’f) — \_lfFl/z(ﬁ\_)f)‘l
1 , 1 (41 L _
+ 47'[}\b (Vb - 3T[AfX) + 4—7_[2 E EG3/2([3Vb) - VbGl/Z([SVb)
. (E.6)
Ex , 1 (2\°[1 o ]
ﬁ =— 21‘[)\1,)/ - 31‘[)\fxy + R (B) lEF3/2(BVf) — VfFl/z(ﬁVf)]

3/2
i o]

On the other hand, in terms of dimensionless variables, 4 is

1
% :4T[7\b (Vo = 3mAfxy)® + 21N\ y” — 2vpy + 3T pxy

3/2 3/2
_67112[3 [(%) G3/2([3\'1;,)+(§) F3/2([3‘_’f)] (E.7)

3/2 3/2
v 1 [(4 (2 ]
m—;\; = —2mA\py* = 3mhpxy — 6p [(E) G2 (BVy) + (E) F3/2([3Vf)]
Then 0s/dns becomes
9(e-A) 9 9(&-4) 0
9s A(E- ) P T T T
angl, PRy PRy
f T,nb a[Vf,Vb] (E'S)
= kBq)

where @ is a function of x, y, v¢, v, and . Everything that is not explicitly varying above
has been kept fixed, so the derivatives, though tedious, are straightforward. £ and A
used above are actually their dimensionless forms, i.e., divided by ma®. The denominator

above is the determinant of a Jacobian matrix,

dlx,y]  ox

oxl 9
a[Vf,Vb] - 8vf

Tov, aVb

_ax

ox| 9y
T,vf th

Tvs an

T,VI,

Next, we need to calculate P/ 8T|nf)nb. Again, the pressure is a function of

P =P(T, wp w1 (T pps o) e (T s )
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and 1, and s being constant give

anf
S+ —=
ZArm

Oy + o

My, T

on
dny = a—Tf Sy =0

T

) kT (E.9)
OT + i

61’1;,
TPNTH opy

_ 9 Sty = 0
oT Ho

and we can solve the above system for Spis and Sy,

onp _ o

al’lf |
T 0T luppy  OWp

ou
Spy = T —

ony
T oT

urs HrsHp

a["f,nh]
o[kste]
8nf

- (E.10)

T T

ony ony

w, T T ‘pf,pb

E
Spp = ST —

KrsHp Oy
a[nf,nh]
olps>up]

Substituting these into 6P give us what we want:

oP
6P|nf,nb = a_T

6T+a—P

5},11,
n5snps e M

nf,nb,pf,T

6pf + —
nf,nb,pb,T al’lh

P [%
Tnp,n s My

. oF al’lf
oT

E)nb 8nb

r T

o
- oT

nf,nb

+;{8_P om

nfnpsipHHp % a”f HfsMb Ol
oMy Tnpnpls oMy o, T oT TN oMy o T oT Kok

ko2 oA (ks/a)p? {x[a_ya_x_a_xa_y] [a_xa_y a_ya_x]}

a2 op . |*|ov,0p av, 0] 7| ov,0p v, op
a[Vf,Vb]

wpT

(E.11)

where we've used P = — 4. Finally, we note that 9V /oN/| is just 1/ns = a’/x, and

P,T,N,,

hence

o

3N, =—= [(D + —] (E.12)

P,T,N,

which has the correct dimension of energy (our  is dimensionless).

112




E.3 Specific heat

We need to evaluate 0S/ 8T|P,Nf,Nb, which is

| s s av
dTlen,n,  9Tlvn,n,  9Vinw,n, 9T leN, N, (E.13)
vE e |
0T by 0T lpm/ OV lin i,

where we've used a Maxwell’s relation to relate 0S/0V to 0P/dT, and used

a_T
p OP

a_P
v oV

Vv
oT

T

The calculation of ds/dT is identical to the calculation of 0P/dT detailed in appendix E.2

above, with P substituted by s. In terms of dimensionless variables, it reads

9y 9x _ 9x 9y | 9(E- )
| __Kmpope-A) Kip'm/a |[av,3p aviap]| oy,
- d[x,
T lnyom a B a[Ef,z,],] | 9x 9y 9y ox 9(E-A) (E.14)
anaB 8vf 8(3 th
k2”@
a

We've already calculated 0P/ 8T|nf,nb in appendix E.2 above, so all that’s left is to calculate

9P/aV.

sn+ 28 Sy (E.15)

Flupppomy Mo lusoppony

(S},lb-i-—

OP|y = s on

oP

Su;+ 2
Oy
Wpanfon

o>t f>1p
The last two terms are zero, since P = -4, and in equilibrium 04/dny; = 0. Further,

since Ny and N, are constant, 8ny, = —n¢,;,(8V/V), which means

on on oV
Slflf‘T = —f pr + —f (S},lh =—Nf—

o up,T 0 upT M (E.16)
6I’lb|T = anb S}J.f + % 6pb = —I’le—V

a”f wp, T apb upT \4
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We can solve these equations to get dyuy,;, in terms of 8V,

S _ SV/V " anf 0 %
Y g%nﬂnh} b I upT ! o upT
boted - ) (E.17)
SV/V ai’lb anf
6!””’ = ong,ny] ny P — My a_
el L W et Hr ly,r ]
Substituting these solutions into (E.15), we get
oP ny [ ony ony :| ny l ony, ony ]
V - = b - I’lf -— I’lf — Ny —
d[ns,ny) do[nysny]
oV T,Nf,Ny a[p;,p:] a!"lh wpT apb wpT 8[p§,p:] al’lf up, T a}lf up,T
~ 1 {x[ 0x xay]er[xay yax”
) Yoy, Yov, ov, 2 ovs
ma5m ovy ovy an an
K
- ma’
(E.18)
Finally, using (E.11), (E.14) and (E.18) in (E.13), we get
oS kgV I?
Cp=T — =——|[®@-— E.19
g oT PN, N, [3t13 [ K] ( )

which has the dimension of kg as it should (recall that p is dimensionless).
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APPENDIX F

“STEADY-STATE” PUMPING RATE FROM A TRAP CENTER

We need to calculate the relaxation rate of a fermi cloud in a harmonic trap if the center
is suddenly depleted. For our estimate we’ll assume that the equilibrium density profile
of a polarized Fermi gas in a harmonic trap is gaussian. This is a slight approximation; for
example the 3D density in a cigar-shaped trap is n(r) = (2mkgT)>2Fy),(u(r)/ksT) /4
where Fy/, was defined in (5.4). p(r) is the local chemical potential u(0) — mw?z?/2 -
mw2r2/2. At high T, n(r) = (2m/np)32(ePr(0)/8)e-Pm(wiz*+wlr*)/2 5 3 gaussian in trap
coordinates z and r, whereas even at low T, a gaussian is not a bad approximation for

n(r) = (2mu(r))3/?/6m2. The 1-D axial density profile in a cigar-shaped trap is
n(z) = nge Pme:z’/2

where ny = 2nn./pmw?, n, being the 3-D central density. Now suppose at t = 0 an
identical laser, focussed crosswise, is used to “bleach” the trap center of particles, so that

the density profile n(z, t = 0) looks like figure F1.
n(z,t=0)=no (e—Bmw§z2/2 - e—Bmwfzz/z)

We need to figure out how the profile in figure E1 relaxes to its equilibrium.

0)

n(z,t

z

Ficure El: Axial density profile (solid line) after depletion at ¢+ = 0. The dashed line
represents density profile before depletion, while the area of the shaded region is the
particle number depleted, which comes out to a fraction w,/w, of the total number.

Diffusive transport in a harmonic trap is governed by a Smoluchowski equation, which

evolves a probability function p(r, t;1/,0). This probability function can be thought of
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as the probability of finding a particle at position r and time ¢ given its initial position
r’ at t = 0. In the presence of an external force F(r), the Smoluchowski equation with a

homogenous and isotropic diffusion constant D is [227]
0:p(r,t;¢',0) =DV - (V - BF) p(r, t;¢',0) (F1)

where = 1/kpT. If the force F is due to a harmonic potential, then the equation separates
into three orthogonal coordinates. Along the z-direction, for example, if the force is
F, = —kz,

0:p(z, :2',0) = D (9% + Bka.z) p(z, t;2',0)

Substituting k = mw?, this has the Green’s function

——(Z‘Z'e_mr)zl (£2)

1
z,1,2',0) = ex
o ) 21k TS(1)/k p[ 2kpTS(1)/k
where S(t) = 1—e~#/Tand t = 2k3T/kD, where D is the diffusion constant. Accordingly,

the density profile at time ¢ will be given by

n(z,t) = /oo dz'n(Z',0)p(z, t:2',0)
exp [—22/ (DS(t)r - 2;;;/% )] exp [—22/ (DS(t)r + 2;;:; )]
/247 + DmS(t)1fw? ) V247 + DmS(t)1Bw? (E3)

exp [-pmw?z?/2 (a?S(t) + e~4/7)] ]

Va2S(t) + e4/r

where a = 0,/w,, and we've used the profile in figure E1 for n(z’, 0). The density recovers

:no\/i

=1y [exp [-Bmw?z?/2] -

to its equilibrium value (sans the particles kicked out) in much less than time T, as seen

in figure F.2. The density at the center of the trap behaves as

1
n(0,t) = ng [1 - N = 1)] (E4)

For short times, this is linear in time with a slope 2ny(a? — 1)/, whereas for long times,

this asymptotes to ny(a —1)/a. The t = 0 slope fixes the rate at which particles can flow
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z

n(z,t)

FIGURE E2: After being “bleached”, the trap center recovers very quickly. The solid black
line is the density profile at different times ¢/t, while the shaded area is the difference
from the t = 0 bleached profile.

diffusively to the center of the trap. The total number of particles kicked out is

V21
ar/mp

To estimate the particle flux into the center, we can assume, therefore, that the total

b _ 2.2
Niicked = / dznge Pmer=/2 = py x
—0o0

particle number in the bleached region is the central density n(0, ¢) times the “width”

V21 w,/mp. Therefore the particle flux into the bleached region for short times is
27’10

\ vV 2 _ 3/2
Nbieached = — (o = 1) 2n__ (o2 -1)n.D(2n)
T w,\/Pm w,a2B*2ma

where f is the dimensionless form, i.e., multiplied by 1/ma?. The diffusion constant from

(E5)

equation (5.13), fed into this formula, gives
N ~ (n.a®)(a?-1)(2m)3? B deg,(n.a*)(o? -1)(2m)3/?
bleached = a2(maz)z[.’)(nba3)>\}(37‘t3)1/2w, - a2[3(nba3)>\}(3n3)1/2w,

- 8\/%(0(2 ~1)(n.a®)(wp/w,)?
r 0(2[30\3((”11513)

(E6)

where we've used akg; = 1. Since we cannot pump faster than this rate of inflow towards

a depleted center, this is an upper limit on our pumping rate.
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APPENDIX G
FESHBACH RESONANCE

Energy

s)

Interatomic distance

FIGURE G.I: A singlet state will have many bound states, denoted by gradually fading
horizontal lines above. Feshbach resonance is the coincidence of the binding energy of a
one of those states to the asymptotic potential energy of the atoms in the unbound triplet
state |t). The terms ‘singlet’ and ‘triplet’ do not refer to the total angular momentum F but
only the electronic part S. The subscripted arrows above are nuclear spins, B is an external
magnetic field, and Ay is the magnetic moment difference between the two states.

Feshbach resonance is a remarkable tool in atomic physics; by changing an external
magnetic field, inter-atomic interactions can be tuned over a wide range, from strongly
attractive through non-interacting all the way to strongly repulsive. Consider a pair of
atoms with a single electron in its valence shell (S = 1/2) and nuclear spin I = 1/2. This
will have four hyperfine states, |F = 0, mg = 0) and |F = 1, mg = 0, £1), which will be non-

degenerate in the presence of a magnetic field B. Two such atoms will form a bound
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molecule only when the electronic wavefunction is a singlet |s), i.e., the atoms are in
the |mg = +1/2) and |mg = —1/2) states (dashed line in figure G.1). On the other hand, if
the electronic wavefunction is a triplet |t), lets say |mg = +1/2) and |mg = +1/2), they will
not form a molecule (solid line in figure G.1). Plotted against the inter-atomic distance,
the singlet state will have a deeper potential well than the triplet state, whereas when
the atoms are far apart, their energies in the presence of a B field will be different since
the electronic magnetic moment is almost 2,000 times higher than the nuclear magnetic

moment.

States |s) and |t) are related by an electronic and a nuclear spin flip. The coupling

between I and S can be written
1
8= [LS.+18.]+LS,

which mixes the two states, creating an avoided level crossing as shown in figure G.1.
Thus when two atoms, initially in the triplet state, approach each other, there is a finite
probability for them to flip two spins and end up in the singlet state, following the solid
curve in the figure. If the initial potential energy in |¢) is equal to a bound state energy
in |s), then this probability is very high, and a “Rabi flop” between the two states takes a

very long time. The system is said to be on resonance.

On resonance, two free atoms spend a lot of time close to each other in a “bound”
molecular state (with Ej, = 0), increasing the effect of their interaction. If, on the other
hand, the system is slightly detuned from resonance, the “Rabi flops” are more frequent,
and interaction effects decrease. In effect, tuning the system close to a Feshbach reso-
nance is a way of controlling the interaction energy between atoms. In the limit of a
dilute gas of atoms, the interaction energy of the gas, the two-body scattering length and
the proximity to a Feshbach resonance can be connected using a simple two-particle scat-

tering Hamiltonian.
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G.1 Scattering theory

Consider a Hamiltonian with only two-particle point interactions between fermions?
H = Zek\vkowkakZ Vi, Wi, Ve g WEeg (G.1)
X
Since this Hamiltonian conserves total momentum, the total momenta for the two-particle
initial and final states must be equal. Let’s say this total momentum is q. Diagramatically,

a two-particle scattering matrix can be drawn for this potential:

: . S (GZ)

where the double wiggly line is for the scattering matrix between '

pra/21 V- p+q/2l|vac>
and \V;’+q /2,T\|jip’+q oy |vac), the dashed line is U, and the thin solid lines are fermion
propapagators. If the total energy of the incoming particles (as well as the outgoing par-

ticles) be w then the above diagram can be summarized in the Dyson equation
-p’ w) (G3)
q q w q q a.,9_
U1+ 3G (2 +Kk, G-k L_v)T(3+k -k 3:p I .
[+§ T(2+ +v) l(z 5 v) (2+ 5 S TP pu))]

where G| (p, w) = w - €, + ie. In terms of the two-particle propagator G,(q, w) defined

by

G,(q,w) = ZGT(2+k +v)Gl((2l k%—v) (G.4)

the scattering matrix (which depends only on q and w as well) is given by

1
T(q, w) = T G(q0) (G.5)

'Point interaction between similar spins is forbidden by Pauli exclusion. If these were Bosons, we could
have all sorts of scattering between different spins. While that theory is not more complicated in principle,
we work out the Fermion case for a concrete example.
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G, can be evaluated using some contour integration:

A’k [ dv 1 1
Gy(q, w) = —V/ — —
(2n)* J-o 2”\/—(e%+k—9—ie)v—(§—e%,k+is)

2

(G.6)

/ a’k 1
(2n)’ w - €q ) — €1,y +2ie
This integral is divergent due to the contribution from large k, so we subtract the diver-

gence and define

(G.7)

Gy(q,w) = _Vf (

d’k 1 1
2m)3

+ —_—
w—egfk—e%+k+2is 2ex
and this “convergence term” gets added to 1/U as well, and we call the whole thing the

renormalized U which is physically relevant. Doing another contour integral, we get

imV
Gi(q,w) = —W\N}mw—qz (G.8)

Now suppose the incoming particles have momenta 3 + k and 4 — k. Then w = (¢* +

4k?)[4m, and we see that the scattering matrix only depends on the relative momentum:

1
T(k) = ——+ G.9
0= o G9)
Now the s-wave phase shift §, is related to the on-shell scattering matrix by
i3y VUK
eT sindg < T(k) = tand,= _m4n (G.10)
The s-wave scattering length a is given by
1 4 VU
limkcot§y=—-——=- T = a= m (G.1)
k—0 a mVU 4n

This connects a macroscopically measurable scattering length a with a microscopic pa-
rameter U. Further, we know that bound states appear as poles of T(q = 0, w = —Ey):

A% A% 1
—m - —m 4mE, =0 = Ey=— (G.IZ)
4mta 8m ma?

which also says that a bound state first appears when a — oco. Since we know that a bound
state appears at a Feshbach resonance, the condition for Feshbach resonance is therefore

a = oo. Next we will see how this can be achieved using a magnetic field.
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G.2 Effect of a magnetic field

In the presence of a magnetic field B, the up and down spins will have different energies.
Further, near a resonance, we should have a bosonic bound state (denoted by the operator
¢) with twice the mass of the fermionic particles, and a coupling between the two states

with strength g [228]:

Zekwkowko + Z( ek+2v) Gpic+ U Z i Ve g Vg

opt ¥
(G.13)

N

+pT

t t
+8 kZ [¢k‘V§+p,T\V‘;—p,¢ Ve,V
P

where 2v is the energy detuning between the bosonic pair and two free fermions? The
scattering matrix will now have extra terms corresponding to formation and dissociation

of pairs:

+:}{: (G.14)

where the double wiggly line is the full T-matrix, the single wiggly line is a boson line

corresponding to ¢, the dashed straight line is the interaction U, the dots correspond to

g, and the solid straight lines are fermion lines for y. The resulting Dyson equation is

q q . .,9
T ~ s~ T P A5 > o~ 5
(2+p 2 PPy TP w)

= [U+g2Gb(q,w)] x [1+ > Gy (% +k,% +w’) G, (ﬂ —k,%—w’) X (G.15)
k,w’

2
_1 _l_ _l l4 _l_ I/,
T(2+k,2 k,2+p,2 p,w)]

*Note that the bosonic pair is actually inert to a magnetic field, and in fact the fermionic energies should
be shifted, for example €x 1 = ex — p(B — Bg) and €k, = ex + u(B — By ). A canonical transformation is
typically performed to shift the effect of the magnetic field on to the Bosonic part [229, 230] for handling
convenience that will become apparent below.
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where Gy, is the propagator for the bosonic pair. In structure, this is very similar to equa-
tion (G.3), and again T depends only on the total energy w and total momentum q. The

only difference is that U is shifted:

2
UsU+ g , (G.16)
W—€q/2 -2V +ie

so that the scattering matrix is

1
T(q,w) = (G.17)
U+g2G1b(q,u)) - Gz(q, (‘0)

Again, using w = (q? + 4k?)/4m we get

2
. _hmtanSO _ mV [U— g_]
2v

— G.18
k—0 k 4 ( )

If we call mVU/4m = ay,, as in the scattering length in the absence of a resonance (g = 0),

and note that the detuning 2v < B — B, where By, is the field on resonance, we can write

AB ) (G.19)

a=abg(1+ B_B,
where the characteristic width of a resonance AB depends on things such as g, ayg, m,
etc. This tells us that a Feshbach resonance (a - oo, E;, = 0) can be induced by tuning
an external magnetic field. The binding energy is again found by looking for the pole
of T(0,—-Ey). This will in general have three solutions, and the physical one will go to
zero as v — 0. While the full solution is messy, two of its limits are well-defined: for

v — 0, the resonance term g will dominate U, whereas far away from resonance, U is

more important than g (see, e.g. [33] or [231]).

v—0

E, — (B-By)? xconst.  Ep —— Au(B - B) (G.20)

The binding energy is not linear in B — B, close to the resonance because a molecule is
dressed up by fluctuations that take it to a dissociated pair and back. To finally relate a

Feshbach resonance to the strength of interactions, we note that the interaction energy
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per unit volume in terms of the particle density 7 is [32]

6an?

Eint ~ (G.Zl)

m

which means that by tuning an external magnetic field, experimentalists can tune the
interaction energy relative to the kinetic energy (~ 6n°/3/m per unit volume), taking it
all the way from strongly attractive (an'/® <« -1) to strongly repulsive (an'/? > 1) and
everything in between. This is dramatically different from other condensed matter sys-
tems; we cannot, for example, just change the electron-electron interaction at the heart
of superconductivity. As we shall see in the rest of this thesis, this tunable interaction has
allowed us to use systems with Feshbach resonances to probe regimes previously consid-

ered unreachable.
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APPENDIX H
EVALUATION OF THE SELF ENERGY

The summation over Matsubara frequencies in (3.14) can be converted into a contour
integral with an extra Fermi function in the integrand. The sum can be written as a special

case of a more general Matsubara sum

1

= h(iw,)

P>

where the fermionic Matsubara frequencies are w, = (21 + 1)7t/PB. Note that the Fermi-

Dirac function f(z) = (ef?+1) ' has poles at precisely z,, = iw,, (blue circles in figure H.1),

with residue -1/ at every pole. Hence, the above sum can be written

% 2 h(iw) == h(zn)Res f(2) (H.1)

If all the poles and branch cuts (red stars and thick orange lines, respectively, in figure H.1)

of the function h(z) are on the real axis, then this sum is

_ Zzliezsf(z)h(z) = % fc/ dzf(z)h(z) (H.2)

where (' is the dashed blue contour in figure H.1. Since the function f(z) goes to zero
exponentially for large |z| away from the imaginary axis, the dashed blue contour C’ can
be deformed into the dotted red contour C”. Further, since f(z) does not have a pole on
the real axis, contour C” can be deformed into the solid green contour C in figure H.1 to

include the origin. Hence a Matsubara sum turns into a contour integral

%; h(icy) - 2%” ﬁ dzf(2)h(z) (H.3)

This contour integral will only pick up the poles and branch cuts of 4(z) on the real axis.
If the Matsubara sum is over bosonic frequencies, the Fermi-Dirac function is replaced

by the Bose-Einstein function.

'For r > r,, i.e.,, when the normal fluid is stable, all the poles of @(q, z) are real. Also, all the poles of
the Fermion Green’s function in (3.14) are obviously real too. So our h satisfies this constraint.
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A ———

FIGURE H.1: If the poles (red stars) and branch cuts (thick orange lines) of h(z) are all on
the real axis, then we can sum h(z) over z, = iw, (blue circles) by integrating h(z) f(z)
along the dashed blue contour. That contour is equivalent to the dotted red contour,
which can be deformed into the solid green contour.

To use this recipe for summing (3.14), we have to integrate the summand of (3.14)
times a Fermi-Dirac function over the straight line contours (solid blue and dashed green)
of figure H.2. Butat T = 0, f(z) = 1 for R(z) < 0 and f(z) = 0 for RR(z) > 0, so only
the solid blue contour contributes in figure H.2 and the green dashed contour does not
contribute. Unless there is a pole at the origin, we can close the blue contour through the

origin.

In eq. (3.14) we shift the momentum so that the sum of momenta is an argument
of G_,, and then we can do the angular integral. We also restrict ourselves to unitarity,

where (a.k})™ - 0in eq. (3.10). Again expressing everything in terms of dimensionless
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Im(Z) Im(z)

= - *= Re(z) Re(z)

Figure H.2: The contour over which to g;gyrg H.3: The modified contour for eval-

evaluate (3.14). The green dashed part does uating (H.4). The thick red line is where the
not contribute because f(z) - 0atT - 0. pranch cut and poles are.

variables (k is scaled by k), we get

m i oo dz 1 (2z+1)? - (k-q)?
@W’O)-z—nz/o qdqﬁ'g@@(q,zﬂl"g[(zzu)z—<k+q>2]

m i = dz 1 (2z+7r2)2-(k-q)?
@W’O)-z—nzfo qdqﬁ@<q,z>%l°g[<zz+r2>2—<k+q>2]

where C is the solid blue contour in figure H.2. At r = r,, ©(g, z) has a pole for a certain

(H.4)

q at z = 0 according to the modified Thouless criterion of (3.13). For r < r,, the pole is on
the positive real axis, and the blue contour can be closed through the origin. The location
of the branch cuts and poles of the integrands in (H.4) are shown in figure H.3 by a thick
red line. Except for the pole from (3.13) (which does not count), all singularities are on
the negative real axis, and the singularity farthest to the left is the branch cut from the

logarithm. This branch cut starts at

1 1
Zmin = Zqz - 5(1 + 7'2) (HS)

There may be a pole for 2R(z) < 0 as well, but that lies on the red line as well. The end of

the branch cut is to the left of the origin; we can therefore deform the solid blue contour of
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figure H.2 into the pie-shaped blue contour of figure H.3. We numerically integrate over
this pie-shaped contour, finding that the integrands are well-behaved. This should be
contrasted with the contour in figure H.2, over which the integrand is highly oscillatory.
The self energies of the two species at their respective Fermi surfaces are given by 2, (r)

and X;(1) from egs. (H.4). The results are shown in figure 3.1 in the main text.
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